
 Intersection numbers

let f g be plane curves and PE 1A We want to define
an intersection of f and g ut P Ip fig
How should it behave

I

Xp l 2

I
Intersection f
at P shouldbe1 If we move

these points
together andtheycollidewe'd likefor
theintersection to
capture that

First we'll list 7 properties we want Ip f g to have
Then we'll show the properties define a unique such

Pwpertiesof Ipff.gl

1 If f and g have a common component that passes
through P then Ip f g a Otherwise Ip f g t Reo

2 a Ip f g O E PH V f n g

b Ip f g depends only on components of f and g
that passthroughP



3 If T is an affine change of coordinates and 1 Q P
then Ip fg I T f T g

4 Ip f g Ip g f

5 Ip f g 2 Mp f Mp g with equality if and only if f
and g have no tangent lines in common at P

x
Ip f g L Ip f g I Ip f g 2 2 4

Def f and g intersecttransversally at P if P is a simple

point on both f and g and the tangent lines are distinct
i e iff Ip f g l

6 If f Tfi g ITgsji then Ip f g tiSj Ip figj

7 Ip f g Ip f g ta f for a e k x y i e the
intersection dependsonly on the image of g in Uf

Leeman Any intersection satisfyingthese properties is
unique



PI Assume Ip f g is a satisfying l t Wegive
a procedure forcalculating it

By 3 we can assume D 0,0 and by l we can

assume it g finite By 2 we know when Ip f g 0

Assume Ip f g he 0 and Ip a b can be calculated

using these properties for Ip a b Tn

Consider f x O GG O cRED of degrees r s resp
ht r or 5 0 if the corn polynomial is Zero

By 4 we can assume

rES.car 0 Then y tf so f ugh

Ip f g Ip g g t Ipa g
v n
o u

tsince PeVg which can be calculated
by induction

what is the first summand

Writeg x o Xm a ta Xt ao 1 0

g Axn By ALPH O

Ip g y Ip Aam y q Ip
Ag mIp x y m
j z 4



Case2 r O WLOG f x o and g x o are monic

Set h g xs
t f Then h x o g x 0 xs r f x o

T T
leadingterm leadingterm
is r

so deg h x o CS and Ip f g Ip f h

Repeating this processfinitely many times switching the order
of the curves when necessary we end up in case I D

The There is a unique intersection satisfying l t givenby

Ipffg dimp.COMA7 fgy

PI We already showed uniqueness so we just need to show it satisfies
the properties

2 a PotV f AV g F he f g E k x y w h P to

7 a unit in f f cOp AZ
dim f g O

b If f f f and fz doesn'tpassthrough P then ta is a unit in OpA
so f g f g EOp H

4 Obvious

F f g f g tat



3 An affine change of coordinates induces an isomorphism of local

rings so this holds

For l 5 and 6 seeFulton D

f x't y
3
4 2
y and g x'ty2 t 3 2y y P o o

T
what is Ip f g

Notice f x y g 4x'y 3 2y y3 x y
y 4 2y 3 2 y

2 x2ty2

So Ip f g Ip g h t Ip g y

Now we continueby using the method from theproof
h has highestdegX term 3 4 and g has x

So we replace h by h t3g 4 2y 3
4 2 2y y4 3 x 2x2y4y4t3xyup

5 2y 4x2y2t4y4 3y
y 5 2 4 2

y 4y3 3y2
q



Ip f g Ip g g 2Ip g y
tangentlines of q are rsx try so q and g have no
tangent lines in common so

Ip g q Mpg mp q 3 2 6

Ip g y Ip x g 4 so Ipff g 6 2 4 14

One more property of the intersection number

Pep If P is a simplepoint of f then Iplf g ordpt g

If We can assume f is irreducible by forgetting other
components

Since Op f is a DVR ordpt g dim OP
g

Op A E 0pct so OP
g
OP

D


