
 
Projective space

Why projective space

In AZ most pairs of lines intersect but somedon't i

Most lines intersect a conic in 2 points some in 1 some 0

We want to add points to compactify alfinespace so that curves can

intersect at infinity

How to do this We can identify each point x c1A w thepoint
x i in

A'ia
Every such pointuniquely determines a line in A thatpasses through
o o and x l

Every linethroughthe origin otherthan y O correspondstoexactly onesuch
point Y 0 corresponds to the point at infinity Thisset is called P

DIE Projective h space over k denoted Bph or justPY is thesetof
all lines through the origin in Ant



Any point Xi Xun t o O 0 determines a uniquesuch line

xx ix 1 7 Ek

x Xi xn and Y Y Yun determinethe sameline if andonly
if 7 nonzero tek st yi Xxi ti Xand y are equivalent inthis
case

Alternatedef Ph the set of equivalence classes ofpointsinAn I 19OB

Wewrite points in P as Y xn it called homogeneousurordinates

Note Thevalue of xi is notwelldefined but we can always say whether

or not the ith coordinate is 0

If xj to the ratio j is welldefined

Ex l O 2 2 O 4

Coveringphint
For each i c l htt define Ui Gi ixn Xi10 C IP

Then byscaling each Pelli can be written uniquely as

P x i Xi i x it i Xn



Notice that since xi.to there is no restriction on theother coordinates

Xi Xi I Xin Nnn are calledthe nonhomogeneous coordinatesforP
w r t Ui

Exe In P2 U I xz xD lines in 1A through x L andthe origin
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I correspondence we

7 an injection U P2
XzXD I Xz X

Let P Ci 2 o vi
c o

p2 11 However P 4Us

12,0

CE I iog
Uz H

p

Ingeneral if P Cx Xn cPh 7 i set Xi 10 so Pelli
ht

IP Ullii i

On the otherhand define Ha Ph Un Xi ixni.it xn i 0

called the hyperplane atinfinity

Now we don't havea fixed representative for each point in Ha



Have l to 1 correspondence Has IP
Cx Xno Ex X

1A put
112 112

So IP Unt UHa
9 Tlinesthroughoriginlinesthrough inhyperplane xn 0originandhyperplane

xn L in anti

l IPO linesthrough origin in1A D 12 to apoint

2 IP IA U pt pwjective line

3 Consider The line L defined by y mxtb in A

What equation s definesthis line in P

Identify1A w UsC Ip

L x.gl y mxtbJ ECxyD y mxtb x y z ly mzxtobz
7

Problem ay f Max b
but dy Max tbh

let L x y z cIP l Y Mx bz Then L'AU L and LnHa CmD

i e all lines w the same slopemeet at the same point at infinity



4 Consider the curve y2 2t1 in A The corresponding set isgiven
in IP by yZ X2 22 if 2 L we're in 43 112

This intersects Ha when y x ie X y or x y
i e I L O and 1 I O


