
 
Projectivealgebraicsets

A point PEP is a zero of a polynomial fEKG anti

if fCai an 0 for evegy choice P Ca az ant
of homogeneous coordinates for P

Ex f x y X y 1 Then if D 2 L 4 23
f 2,17 0 but f 4,2 f 0 so P is not a Zero

of f

Claim If F is homogeneous and vanishes at one

representative of P then it vanishes at all
representatives of P

PI F homogeneous of degree d let

D a an Ja XAnti

Suppose F a anti 0 Then F Xa Xan XdF a anti OD

let f e k Xi Tnt Write f fo t fd where fi is
homogeneous of degree i Thin Pep is a zero of f P is a

Zero of fi Vi on HW

Def let SEK i xn V S Pep IPis azerooffeagh



s is called a pwjective algbraicset

Note
1 If I the idealgenerated by S then I V S

2 If I ti fr and fi Efijn then I fiji j
9formofdeg j

So V S is theset of Zeros of a finite of forms

Def let XE Ph The ikat of 1 is

I x teka xn leauff Is

An ideal I CKEY Xun is h ous if t f Efi C I
fi form of deg i fi c I as well

Note I X is homogeneous

Ex xty2 is not homogeneous

Pep An ideal IEkCx xn is homogeneous it's

generated by a finite set of forms

PI let I f fr and fi Effij and suppose I is
homogeneous formofdeg j



Then figC I K i j and I E fig i j I fig i j

Now suppose I t fr each fi a form of deg di

Suppose g gmtgmt t t gse I Jj a form of deg j

We show gj C I by induction on me where the base case is
m s i e g is already homogeneous

i e assume true when smallestdeg of g m

g Eai fi Since each fi is a form we can write

Ai fi Caio ai t fi waiftailfinformof
degdi

degditi

So gm Al m d f t t arm d fr C I
Thus g gm c I Done by induction D

Remarki Any projectivealgebraic set can be written V I where

I is homogeneous and for X CIP IG is homogeneous so

we have
v

hiIYF.ec s idfffg
projectivealgebraic
sets in IP

I

not necessarily one to one satisfyinganalogous conditions as in

the affinecase



Ex Points in P let P Cab c cIP WLOG 0 1 so

D a b I Let I az x.bz y

Ptv I and if Q x p 8 c I then Q Caob'dO

so 810 Q P i e V I P

Def An algebraicset VEIP is irreducible if it's not the union
of two smaller algebraic sets An irreducible algebraic set in IP

is a projective variety

Claim VEIP irreducible F ICV is prime

PI Essentially the same as the affine case

Affine cones
let VEIP be an algebraic set

Def The affine cone over is

V a an.DEAht Cai anDeV Ufo

i e the union of the corresponding lines in affine space

Ed l V I O Cl I Co D Elp



V
hVl2Ul3

2 I x y2 22 E x y z V Vp I CPZ
Todenote
projective

1h Us this is x2ty2 l In Ha this is x2ty2 o Extiy x ig O
P

43mV i'e twopoints in IP

1

CCV real locus
Note that we can't seethetwo points in
Ha here sincethey'renot real points

Remark 1 If Vt then Ia V Ip V
1affine Injective

2 If I is a homogeneous ideal in kCx xn D st Vp I 1 0
then C Vp Il Va I

Thin ProjectiveNullstellensatz let I be a homogeneous ideal
in Kfx Xn Then

1 Vp I there's an integer NS.t I contains all



forms of degree 2N

2 It Up I t then Ip Vp I TI

PI 1 First we reduce to a question about affine varieties

If Vp I 1 0 then Va I C Vp I I 0,0 o

If Vp I then Va I 03 0 Va I E o

So we need to show Va I E 0 Xi anti EI someNsl

If Xi xn
N EI then Va I EVa Cx xn

N 0 O

If Va I E o 0 then x xn ETI Fr O s t

Xinc I Fi

let N r htt Then any monomial of deg N will bedivisible

by Xin for some i x xn NEI

2 If Vp I 0 then Ip Vp I Ia Vp I
Ia VaIt TI D

Theusual corollarieshold except we needto be careful of the irrelevant
I Iirr Xi Anti



Cer let S k x Xn We have the following bijective
correspondences exer

sina.bpraicsets.fiea7ms7E.ss

raodnEI3siaYgdY
EIttets3 hiIa TIY Eiw

liaised.ms Eisen iTJ
Thehyperplanes V Xi i l ni l are the courdinatehyperplanes
or the hyperplanes at a w v t each Ui

Ex Iu P2 the Xi are the three coordinate axes
CoO D

Epahupair
intersects in one

J Vfx o O
Co I o

Def VE P a projectivealgebraic set is Zariskiclosed

PTV is Zariskiopen This gives the Zariski topology on IP

exer check that the subspacetopology on Ui is the Zariski
topology we gave to affine space


