
 
Linearsystemsot curves
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If F is a curve at deg d then F EaiMi AiEk not all 0

F n G G Et ai Mi some X 1 0

i e Ca i an C IPN determines a unique plane curve

Thusthere's a bijection

Poffmdegywes c pN i pdCdt3

Ex d I Each line ax by ez corresponds to a b c EP
Dualprojectivespace seeHw

d I The conic Aix2TAzXy Azx2 tay y t agyz tagZZ Corr

to the point Cai iadEPS i e the set of plane comics is
parametrized by a P



We can impose conditions on our curves of degree d and

get a subset of ppdcdt3
kz

N 1
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Def If VE pd'd is a linear subvariety where the

points of IPN
I
correspond to plane curves ofdegreeD V is

called a item of plane curves

Ex let V the set of linesthrough 0 O D i e

ax by t c z s t C O Then V Ca b O EP a line
in P

Move generally

lemma 1 Fix a point PelP The set of curves of degree d
that contain P forms a hyperplane in IPN

2 If T P2 P2 is a projective change of coordinates
Then F Ttt F is a projective change of coordinatesof
pin I

PI l let M Mn be the monomials of degree D and
P Ca b c Then Mi a b c to for some i

The curve corresponding to Cdi an passes through P
Edi M 1 O
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This is a linear form in the di so it cuts out a hyperplane
in IPN

2 Similaridea exer D

Ex The linear system of lines througha point forms a line
in the dual IP

QIN Does passing through m points cut the dimension of
the corresponding linear system by m

Answer It depends how the m hyperplanes intersect

EI V conicsthrough P PzPsPy E IP
5 all conics

Expect climb I If Pi R P Py are collinear

p let FEV Then the 2 so Fnpz contains l as a component
p3 py

Thus F is the union of l and any other line so V is in
one to one correspondence w set of lines dim V 2



let N
dCdt3Remark T The intersection of N hyperplanes

in IPN is nonempty so there is some curve of degree
d passing through any given N points

What if we requirethe curves of degreed to have high
multiplicity at some fixed point

Ex P Co O D c IP If F is a comic through P then

F a x2tazxytaz.az t ayy'tas y2 no 22 term

what if V F I F is a comic and mp F 22

Since PEUs We can dehomogenize with respect to 2 andget
f a x't AzXy asx tatYZt asY So as as 0

F a X t buy cy which factors into two linear factors

dimV 2 and the set of comics not simple at P is exactly
pairs of linesthrough P

la diElz
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More generally let P o o D and re dtl let



FI degF D and Mp F Isr

If F aiMi E V then a 0 if Mi Xaybz and atbar
idkTmonomial

There are t
such coefficients so dimV

d d
rkz

Notation P PneP2distinct points r hnC Theo

Vd r P rnR curves of degree dIMp F z ri
Theoremi l V VdHR rnR is a linear subvariety of PN
ofdimension zdCd ilrz

u
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2 If D2 Eri l then the equality in part 1 holds

PI I sameargument as above

2 let m Eri l

If m I then r 2 the rest 0 so we'redone by above

011 r L rel the rest 0 Then V intersection of 2 distinct
hyperplanes whichalways has codim 2 2 distinct forms will
always be 1in indep so we're done

Thus we can assume m d l



We'll prove by induction on m

fact Each h L let Vi Vd Pi Pi

Note that V 2Vz Vn i
7 Vn

By induction dimVn N IE N Ch D and by 1
dimVnZ N n

So we just need to show Vn Vn i

For each i let Li be Li

fa line throughPi but Lz
not through B pi 1to
let to be a line
not through any Pi

d K D EVn but FEIVn So Vn Vn lThen F L Ln Lo
g

dCn l
d Eri l
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Eyed Some h I WLOG assume r l and P_COO I

let Vo VdGr IIR KR rnP



For F EVo its dehornog w respect to 2 is

f j ai y i
higher terms

let Vi FtVolaj o for jai

Then Vo V J Dvr Vd v P rnR

r 1 r I 11
Note that 2 t.CI r

So we need to show dimVr is exactly r less than dimVo

so it suffices to show Vi Viti

let Wo Vd Ch 2 P rape rnR

For F e Wo its dehomogenization looks like

f Eai x'yrZ i higher terms

let Wi FEWolaj O for jai

By induction WoZW Z Wr Vd Kk 1 Pi KR rnPn

since
r 1 r

dimWo dimWr 2
424 1 421.2 r 1

and each successive dimension differs by at most one



For i O l r 2 choose Fi CWi Witi

Then yFi cVil Viti

Also Fr 2 cWr 2 Wr 1 so Fr z ar z higherterms

So xFr 2 Ar2x higherterms C Vr but not in Vr

Thus Vi t Vit for 5 0 t l D

Ex Let V V 3P where P fo O I

By the theorem since 323 I dim 3 31 3 3 9 6 3

let F E V and Q P another point on F Then Lpo intersects
F in multiplicity 24 Lpo is a componentof F

V consists of the cubics w three linearfactors throughP

Sothere is a P'sworthof
triples of lines through a
point in IP


