
 Bezoutern let F and G be projective planecurves of

degrees m and n respectively Assume F and G haveno common
components Then counting multiplicity F and G intersect in

exactly mu points That is

p ngIP EG
mu

Pfsketch Fra is finite so after a projective change of
coordinates we can assume none of thepoints lie on 7 0

Then if f and g are thedehomogenizations w respectto Z we

get
pengIp F G f g dimk Or ee.gg

Chain If I c k x y is an ideal and Va I Pi PN is finite
then kCxy e I 0p I

For pf ofclaim seeFulton section 2.9 this is an application of

the Nullstellensatz

Thus since V f g is finite IT P
g
I K YKf.gg
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In particular Ip F a dimp.lk f g

let 8 k 5kgg and f ay R Klay z

Let Td and Roe be the corresponding forms of degree d



WII dim8 dimTd mu for d O

We'll show thisTequiality For the firstequality see proofin Fulton

Specifically we'll show dimfd.mn for dZ Mth

Consider thefollowing maps
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This sequence is exeact i e the image of one map is the kernel
of the next

her4 0

Gc Ft f f c G O so Im 4Eker4
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F and G are relatively prime so GIA and FIB
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If we restrict to forms of fixed degrees we getanotherexact
sequence

Rd m n Rdm Rd n Rd Td 0

For d20 we have dimRd dt d so as long as dz mtn
we have

dimTd dtDd cdmthz.tl 2 d htzl d ht2 d m ntD d h n2
2

Zinn Mh

Idea for dim8 doing showthat for d SO a basis for Td will
dehomogenite to form a basis for 8 D

Coe mp F mp G Edeg F deg G

Cer If F and G meet in exactly deg F deg G distinctpoints
then they are all simple points on F and G and all the
intersections are transverse

Cc If two curves of deg m and n intersect in mm points then

they share a common component

Cer If F is a nonsingular projective plane curve it's
irreducible



PI Assume F is reducible Then F GH Then GAH 10
so take P in the intersection WLOG P CoO D so dehomog

g and h have no constant term so Mp F mpgh 22 D

Note that this does not hold for affine curves F x x l is
reducible and nonsingular

Ex Singularities of irreducible curves of low degree
let F be an irreducible curve of degree d

If d I or 2 F is nonsingular

If d 3 and P is a singular point then let Q be any other

point on F L line through P and Q

Then Ip F L 22 and Io F L z l Ip F L 2 Io F4 1

That is F can have at inost one singularity and it must
have multiplicity 2

Q

If d 4 howmany singular points can F have

Trick let P Ps beayy 5 points of F



Let V conicsthrough P Ps From last time

dimV z 2122 31 5 0

That is 7 scene conic C through Pi Ps

C and F intersect in 4 2 8 points so 82 Impi F
Thus since 2 2 2 1 1 8 at mest 3 pts are singular

If 3 pts are singular they all haveMutt 2 and can't be
collinear If 2 are singular theybothhavemalt 2

If I point is singular it has multiplicity at most 3

Moregenerally howmany singular points can a curve of degree
d have

Suppose F is an irreducible curve of degree d w singular pts
P Pn of malt Mi Mn

On the next Hw you'll prove d d 1 Z Emi mi 1 just
using Betout This is not a sharp bound though

eg if d 2 then we get 2 Z Emi mi 1 0

But by using what we know about linear systems we can



do better

From last time

dimVd cm 1 P Cmn 1 Pn d D d qlmi.lt m D

Cd lz d 2 qmilmi
l

o
i

t byaboveset r inequality

so we can choose points Q Q EF and get
dimVd mi 1 R mu 1 Pn Q Q 20

so 7 at least one curve G in that linear system Since F is
irreducible and degG degF the two curves can't have a

common component Thus Bitout tells us

d d 1 Z Emi mi 1 tr Emi mi i Emi m Cd lKd
2

d 1 d Cdt z Emily
Ld 1JCd 27ZEmiCmi l

ExiletF xdtyd lZ.Th is is irreducible The only singularpoint
is CO O D and it has mult d l

So in this case Emi mi l d 1 d 27 so the above
bound is sharp


