Rational  maps of curvey

Lﬂ' C he a WV\]Q] i-e. co \/aw'd—la wiTh oh'wnC=|.
i C is not m e plane, we am't use calcnlug Mmehods

to Tudy 1t simgulaw‘ﬁes. (nstead, we Just V‘(‘ﬂ o e local
V\'V\jg-

Bef: Pel i asimpl o smootyy poink f @PCCB i%
oo DVR. (This agreec w/ our def fo- plonne carves.)
ln  thig case, [et ord\oc oV juct okolp be Me ovder fimchon

on k() datined by Op(O)

(Recall: ordg(2)= $in [ 2 %6“})

Move Wq“tj}
let K he a feld w\ni\aimivj k.

Def: A is a localving o K it ASK & a local subrin,
kQA/ mad K s ™o ficld od fractions o A. £ A ig
alp a DVR ity called & DVR £ K

e.j. i £ V s a vavi,@{-.j/ Pe \/) T @PCVS 1€ Q& luca\ l/l'v\j o4
(V). The conrerse doesn't  hold!

Fov exoample, (£ C is a cuvve, amgd R ig o local ving



oL k((,\) R W”'jln'(‘ not  he 69(63 fov sovme Pe ('

EX: Cowsider o.gaila The ma From /,Z\I {0 \/’V(’XL“;]?’) cefined
Frt— (£5t)

|

(TL"S is dlm" e o{e\nmogwxe—ah&« A e exonmple 1h 1

pre vious gzc‘hmﬂ)

This indueg o ma £7 k[xnﬂ(xz_ ‘3;\_) kit Aefined
x t3

ké!——)tz

Vince ’hm‘g 1% ihde/ah\/q (-f- (% dmmf\/\alnlrl i+ e,x-l—owok T o Ww}o
Fr(V)— k(A= k().

Stnee Twis is a map of fields, it's injechve, o in fach

it Wrde,(,ﬁwl od Tus anc i?z)morlol’l""nnj N e

X
-Hz-t

4 t

((J\“MVUW(%\ Queshon @ What \/\aﬂo-e/v\s o e hown-DVR
O(ojb)(\/ﬁ in k(ﬁA\lB STheg /Al mﬂl% A @Moo'h/\ Poiw(’&?

Co,,)CV) {,+ 3@ o)qﬁ()} has image €§(Zt32))lj¢(ﬂ}>



which i Twus a local ving w/ max'| idel (£%4)), which

[ hot Pn’nu’pal (inte T s not in e ring.

T\M«/)) ™id i a local Vl'v\j Tvat doesh't c,owe..gpo\nd o o point
o A However, it i dominated lma @o(/z\‘)) which

hea hg 0+ ("/0).

lw fach b evary DVR of k(C)) tuve ic o point PeC
whose local ing i+ dominates. Move Wauj :

Theorom® Lt ¢ he a projective awve, K=k(C) Lt L be
o field o(nq%—aimim:] K) R a DVR o4& [ (L Rﬁé K.
Nun e g a umique Poivﬂ‘ Pel <t. R dominates
Op (O,

covv. to IRC

Pf: Uniqueness: Suppose P#Q omd R dowinates hotnn
OPCC> o G@(C/)

Find an oper, afbing U wtaining botn P ond Q. Then, 3
Fer(WCk(C) st £ =0 but £@)+0



Ta, £6 g bt e Og(VER,

ord # >0 bt ord £ 20, a contradichin,

Cxistence: Suppos CQ[PW, Uosed. We can  agsunne,

COU S v all ¢ =1nel . (OMurwise choose a smaller n)

'ﬂ/u.M r“(Cj = kEﬁU.n}Th*J/IP(C) = kC‘Lu---,‘kuD \/\Il/LLV'C Q.
i Mimaa& ok % omnd a0

L (O KEL. Wb N=max,, ord (4,

Assume 0Vd<q%w)=f\l for fme d ((wssib(ld e a choge
of CUOVdfha'{'tSB. Then  fov all (, we Ihave

ord () e, ) () - N=ord (3i/a,)2 0.
£ C'= COUnn trem T(C) = k(Ym0 ), w0
r(c)cR.
Lt M CR he Do maximal ideal, st Tz N TCC)
T T 05 prine, 0 W= V(T)ECS

£ W = C/J Mon J=0 ¢ every nohzew elt ol l_(C') I
X it in Q T\’W’S) kCR) which wafd-g ownvr M&Mmpﬁdh.



Mus WeEPS o poink, wd  wmp=(T)E m, ¢ R dowminate
Ap (€)= Gelc). T

Fom Wfs, e jﬁ- a leeauhful g,éowm-d'kl‘c, Lmrollam:“ hinted at-

above:

/—;orolla:/ﬂ'- et C be o cuve and C a Pm{jecﬁw wvve.
Let f: CI“"'>C be a v-ah‘(ma( MQP, T evcvgj %“""PL‘
point i¢ m e domain o £ ln particular, i C' e

Mwsim3ula1f, fis a mov-phiém.

—

Pt Note twat £ g eituer wnitant o dominant: T
closure off Tuae Evmaje_ iy et C  ov F.‘v\(\-chc,] many
points. [+ i+ 1 finitely mony  points P, R =

Tmum oc-l(f’ﬂ i¢ Closed, but hot C’) w 1t i Fm.‘{-eha oy

Poi\nh. Thus, e dovmain is Funitely many pts, Which i§ not

spen, a cowhadichm.

£ f is wngtnt, i+ iy defied on all of C'

o assume F i dovminant. Twen {*'-K(C)C—eRCC’),
Let P GC/ be Siw)ple) R =6P(C’)' Ther, to aPplla ™Me

MOVWM, Wwe 6(434- need To how KCCB¢R

Suppose. WCCICRCKCC). KU is a finite algchyaic



4

extension o K(CC)  (wey've botw alg. fumchon felds iv
o \/aw'aLgl{ over P)J ) R WL(A&{' \ra{ o 'G.e,(o( (exe.V>J )zrwf
R ig a DVR, whidh s a conbradichm. 1)

(Roujhfgl i Tueve is @ missing shooth point in ue  domain, M
Twe mage o o quonc “(,()'VIVCVﬂ:[l/\.j“'hj ™mat point will also

" h
wv\t/urj,e (NG Prod&oﬁw Vavn'eﬁqb ave Wpa_(;(' in Twe

Euclidean 'h)VJD(Ojfj)

EX Recall tuc vattonal map F A->A debcd * —/x
Twis cau't he extended fo all of A However 1€ we
make twe tmiget B w/ A Sithieg inside it ag Uy, we get

x l-—}[l/x : li\=(:l :x] ) which ig a lmarphim(.

A’
> ® < -~ T /3 <—0 >
/A f
[ ﬁaojr, ’h/uls Oo
¢ T movphi e
Vv\awpihj A T as UIQIP'.
,\Pbl.h‘)\ q+ 0o
g'e'{"{ 'ICINCC(“,L’

Note Twat we con't a(Wa/js e xtemd
maps To %iW3ulaV pointg, even when it's possible 1o As A
FUNCTION



Ex: Comsidev  Twe map Hom P |q\/<x3_‘3223§n32
defived  Us:6]—s (Ft 1t

Twe map is |-, ond awn isowovphigm
l oway fom 0, but Twe Tnvearse function

i$ wot a worphism (fw one, l/wu(ﬁplz‘u'ﬁj

ot & poink cannet  dechease Wy a HW prob)

The next two comvllavies Pllow im Wd;a{"(g"

Cor: C pm(gac*fve wrve, o “WSMSM(QVI T Nave's o 1-h-]

cowecpmadbwtcﬂ lﬁw‘fwe,e,m dowiina nt W\D\f\gl’lffslms 3(:,. C/q C
omd  howomorphisms £ k()= k(C)

Cor: Two wovsinqular pijechve tumes ave Tsomorphic &
Tueir  Fields of rahowal funchipns are is0movphic.

[\\lﬂ;c:‘ﬂn(g (g "-.‘:.d +rue Hv hc‘jhur v lxam'f,h'es!
P'xP' 4nd P* have tue same Field ol vat'l i chins, but
‘h/u.&j‘l/l. hot i%owmolfplnic . Not every paivy ot darves in fPl"[Pl

interse cfs.

Logtly, we know twat e poinkg o a moMSfV\ju(aV cuvve C

covrespond o DVR¢ ot k(C). In -Fa.c,(—l‘hne conv
holds:



—ﬂ«covu/m:

It Cis a Mansimjular (orod'u,ﬁve, wrve , Tmare
s o ove-to-owe COWest/wleu, between Twa porvts  of

C omd DVRs of L(C)) where P e (,orre,sfov\ﬂls o
GplC)C k(O

Pt we du-s-l- need T shew Twat oy DVR ot k(C) i¢ a
local l/t'VLj at  fowae point PeC.

et R he a DVR sf k(CC) T by tue  previous Theovem,
R dominates a wnique @PCC)_ et (@’Wp c .

W‘:,-gtslfdlal
Supposc Q#@PCC). Let geR\OP(CB. Then ordp(2) <0,

| A
S €eCob) =) a (s a unit n Q, a conh-ackichin.

Thus, R=6,(c). 0

This parges Twe ﬁs“mxufv\.ﬁ queshon:

Q'_: I+ C g QSM&V cuv Ve, do e DVRg ot k(C)
determine a gmootv  curve bivahonal to C7

v e nxt wihtm, we  discuse a metiod of  wyskewatially

vesolving" singulahes n ovdew o find o Gmostn bivational
mode] o a cwve.



