
 
Regularmapstet

VELA WE1AM be algebraic sets

Def A function Y V W is a regular map or po al

mad or morphism if there are I TmCKEY xD s t for
all a al an EV

4 a Ica Ica Tm a

Ex Consider 4 A 1A defined t t t

This has image V V y x2

Define 4 V 1A by
x y y o

x y 1 x bothgive the same map

Note that both of these descriptions of 4 extend to 1A but

not in the same way

HE Mfof the two
extensions
to 142

Note A regularfunction f on V determines a regular map V A



How are morphisms of varieties related to the corresponding
coordinate rings

If we have 4 V W a regularmap we get a k algebra homomorphism

y't c w Av

If get w then 4 Week

We define 4 g golf

4 is calledthepullbackof 4 Fultondenotesthis F

Ex Consider themorphism 1A AZ
x y z x2y X Z

The pullback is defined RCU v kCx y z
U 1 x2y
V l x Z

Remaric If 4 W Y W X are regular thin

Yo4 4 04
t

4 w 4 X t k

If f e f x then Yo4 t fo Y oY and

4 04 f Y foul Cfo4 of



Also note that if id X X is the identity then

id f fo id f

Together these facts tell us that C is a contravariant

functor from the category of algebraic sets
to reduced i e F ol finitely generated k algebras

EI If XE IA and f X 1A the corresponding inclusion then
f xi Ii c CX so the map is just the natural quotient

Eder If VEW then the corresponding pullback w ICV
is the obvious quotient

PIP let EIA WE1AM be algebraicsets There is a

one to one correspondence between regularmaps from V to W
and Kalgebra homomorphisms W T V

PI let a f w f V be a homomorphism

wt kkywj.it rCvs kG D
Icv

We want to construct a map 4 V W

i e Y Y 4m where Yi V k so Yi c Tlv

Define Yi 4 Yi



We need to first check that Y VIEW

Let peV WTS 4 p CW

Take g c ICW

g IV pl g a g p x ym p 9 g p 0
SincegoICW

Thus 4 p c ICW W

Now we need to show 4 4

If fcTCW peu WTS 4 f p 4 f p

4 f p f 4 p a f p so 4 4

So we showed v w awl is surjective

Check on HW If 4 Y V W s.t 4 4 then 4 4
Hint If peV s t 4 p 1 4 p find f c f w that vanishes at
one but not theother D

Consider the projectionY IA nzr defined
x xn Xi xD

This is clearly a regularmap and its pull back is the inclusion

key yr k x xD
Yi 1 Xi



Ex Consider the k algebra map

4 Kfx y z KC vs
x 1 u
y 1 Zu
2 1 34

Notethat this is well defined

let u 3

What is 4 sit 4 2

4 u u d x 4 y d Z u 2u 3u

Def A regular map 4 V W is an isomorphism if 7 an

inverse 4 W V that's also regular

Note It's notenoughfor 4 to be bijective seehw

of prop 4 V W is an isomorphism
Y't c w f V is an isomorphism

PI let 4 W V Then YoY id c Y of Yo4 id

so 4 is an isom 4 is D



Ex Consider 4 A Vy ni V
t Ctt

Then 4 V 1A
x y 1 x is algebraic

4 4

Alternatively can check that 4
k Hy iz Ht is an

x t
Y 1 t2

isomorphism

EI T T Tn regular map A Ah where each Ti is deg l and
T is a bijection T is called an affinechangeofcoordinate

We can decompose T T 0T where T is invertible as alinearmap9translation linear

Bothhave regular inverses so T is an isomorphism

Lemmy let 4 V W be regular X EW algebraic

a 4 X is algebraic

b If XE 4 V and 4 x irreducible then X is irreducible

Pfi a X V f tr V t n AV fr so

4 x A 4 HH



4 v ti acVI ti e a o a cVI4 ti a o

4 fi
b Suppose X AUB A Baig sets

4 x Y A 4 B WLOG 4 A 4 x A X D

ie.fm

X
Note The imageof a reduciblesetcan be irreducible Vlog VH1

Injectivitytsurjectivity

Prep V and W algebraic 4 V W regular and surjective 4 is

injective

PI let f c f w g t 4 t O Then

w t k
y

f O D

Nite The converse doesn't hold

Exi Consider V V Xy D CAZ and define

4 V 1A by
x y x



Then 4 Rft k
y l

t 1 x

which is injective but 4 isn't surjective 044 V

In fact the image is not an algebraicset in 1A
This is not something that happens in projective space

We get an if and only if statement if we considerthe closure
of the image

Def 4 V w regular 4 is dominant if 4Th W

Equivalently I 4 v1 I w

Pep Y V Wregular Y't is injective 4 is dominant

Ifi Assume 4 injective let f cICY V1

Then V4 Wt k if 4 451 0 then f c I w
y

Now assume 4 is dominant Suppose f c f w and Y I O

te I 4 v1 I w F O

Pep Y i f w f V is surjective Y is an isomorphism onto

its image



PI let 4 V w

V Kut
Y f Thusthisis

few few TechveW C
quotient

let W YTV Then V W is dominant

w T w

Thus Tfw MV is surjective andthus an isomorphism so V W

is an isomorphism D


