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Szemerédi’s regularity lemma and its variants are some of the most
powerful tools in combinatorics. For example, Szemerédi used an
early version in the proof of his celebrated theorem on long arith-
metic progressions in dense sets of integers. It has also played a cen-
tral role in extremal combinatorics, additive combinatorics, property
testing, and graph limits. The regularity lemma roughly says that
the vertex set of every graph can be partitioned into a bounded num-
ber of parts such that for most of the pairs of parts, the bipartite
graph between the pair is quasirandom. A substantial drawback
in using the regularity lemma is that it typically gives enormous,
tower-type bounds in its various applications. A major program
over the last few decades has been to find alternative proofs of the
many applications of the regularity lemma with much better quan-
titative bounds. We will discuss recent advances on the program,
including some big successes of the program, as well as the first ex-
amples of applications in which the tower-type bounds which come
from applying a regularity lemma is necessary.
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