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3.5 An Application to Systems of Differential Equations

A function f of a real variable is said to be differentiable if its derivative exists and, in this case, we let f’
denote the derivative. If f and g are differentiable functions, a system

f'=3f+5¢

§=—f+2
is called a system of first order differential equations, or a differential system for short. Solving many
practical problems often comes down to finding sets of functions that satisfy such a system (often in-

volving more than two functions). In this section we show how diagonalization can help. Of course an
acquaintance with calculus is required.

The Exponential Function

The simplest differential system is the following single equation:
f' = af where a is constant (3.14)

It is easily verified that f(x) = ¢* is one solution; in fact, Equation 3.14 is simple enough for us to find
all solutions. Suppose that f is any solution, so that f’(x) = af(x) for all x. Consider the new function g
given by g(x) = f(x)e”*. Then the product rule of differentiation gives

§) = f(x) [—ae~ ]+ f (x)e
= —af(x)e" ™ +[af(x)] e
=0

for all x. Hence the function g(x) has zero derivative and so must be a constant, say g(x) = ¢. Thus
c=g(x) = f(x)e ™, that is

f(x) = ce™
In other words, every solution f(x) of Equation 3.14 is just a scalar multiple of ¢**. Since every such
scalar multiple is easily seen to be a solution of Equation 3.14, we have proved

‘ The set of solutions to f' = af is {ce™ | ¢ any constant} = Re™. \

Remarkably, this result together with diagonalization enables us to solve a wide variety of differential
systems.
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Example 3.5.1

Assume that the number n(¢) of bacteria in a culture at time ¢ has the property that the rate of
change of n is proportional to n itself. If there are ngy bacteria present when ¢ = 0, find the number
at time 7.

Solution. Let k denote the proportionality constant. The rate of change of n(z) is its time-derivative
n'(t), so the given relationship is n(¢) = kn(t). Thus Theorem 3.5.1 shows that all solutions n are
given by n(t) = ce!, where c is a constant. In this case, the constant ¢ is determined by the

requirement that there be 7 bacteria present when ¢ = 0. Hence ng = n(0) = ce!® = ¢, so

n(t) = noe

gives the number at time 7. Of course the constant k depends on the strain of bacteria.

The condition that n(0) = ng in Example 3.5.1 is called an initial condition or a boundary condition
and serves to select one solution from the available solutions.

General Differential Systems

Solving a variety of problems, particularly in science and engineering, comes down to solving a system
of linear differential equations. Diagonalization enters into this as follows. The general problem is to find
differentiable functions f1, f3, ..., f, that satisfy a system of equations of the form

fi=anfi+anfo+-+anf
f=anfi+anf+--+anf
fr; :anlfl +an2f2 +- "+annfn

where the g;; are constants. This is called a linear system of differential equations or simply a differen-
tial system. The first step is to put it in matrix form. Write

f fi ap ap - Ay
2 b a ap - a
f=1|". f=|"7 A= | !
fn f;i apl ap2 - App

Then the system can be written compactly using matrix multiplication:
f = Af

Hence, given the matrix A, the problem is to find a column f of differentiable functions that satisfies this
condition. This can be done if A is diagonalizable. Here is an example.
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Example 3.5.2

Find a solution to the system
fi = f+3f
fr = 2fi+2h

that satisfies f1(0) =0, f2(0) =5.

Solution. This is f = Af, where f = { ? } and A = ; ; } . The reader can verify that
2
ca(x) = (x—4)(x+1), and that x; = { i and x; = _32 are eigenvectors corresponding to

the eigenvalues 4 and —1, respectively. Hence the diagonalization algorithm gives

P_IAP:{‘L L

0 _(1) },WhereP: [ X| Xp } — { 1 o } Now consider new functions g and g;

given by f = Pg (equivalently, g = P~'f ), where g = { ? ] Then
2

fl] {1 3}[5’1} . fi=8g1+38
_ that is,
[fz I -2 || & T — g1 —2e

Hence f| = g} + 3¢5 and f} = g} —2g5 so that

_ f/ _ 1 3 gl — pat
= A]=11 34 ]=

If this is substituted in f = Af, the result is Pg’ = APg, whence

g =P 'APg

[gll}_|:4 OHgl] 81 =481
;| = > SO
& 0 -1 82 8= —82

Hence Theorem 3.5.1 gives g1 (x) = ce*, g»(x) = de™, where ¢ and d are constants. Finally, then,
filx) | pl & x| |1 3 ce® | [ ce™+3de™™
L) | &) | |1 2| de* | | ce®—2de™*

so the general solution is

But this means that

filx) = ce®+3de™

Hx) = ce™ _Ddex ¢ and d constants

It is worth observing that this can be written in matrix form as
h (x) 1 4x 3 —x
—¢ e +d e
[ fo(x) 1 —

f(x) = cxe™ +dxpe ™

That is,
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This form of the solution works more generally, as will be shown.
Finally, the requirement that f;(0) = 0 and f2(0) = 5 in this example determines the constants ¢
and d:

0=£1(0) = ce® +3de® = c+3d
5=1(0)=ce® —2de® =c—2d

These equations give c =3 and d = —1, so

fi(x) =3e* =3¢
fr(x) =3¢ +2¢7F

satisfy all the requirements.

The technique in this example works in general.

Theorem 3.5.2

Consider a linear system
f = Af

of differential equations, where A is an n x n diagonalizable matrix. Let P~'AP be diagonal, where
P is given in terms of its columns
P= [Xl, X2, -+, Xl’l]

and {x;, X2, ..., X, } are eigenvectors of A. If x; corresponds to the eigenvalue A; for each i, then
every solution f of f = Af has the form

flx) =c1x; M eoxe® 4o x e

where c1, ¢y, ..., ¢, are arbitrary constants.
Proof. By Theorem 3.3.4, the matrix P = [ X X3 ... X } is invertible and
AL O -+ 0
A - 0
PlAP = 2 ,
0 0 - A,
N g1
: . f2 82 . :
As in Example 3.5.2, write f = | ", and define g = . by g = P~ 'f; equivalently, f = Pg. If
Jn 8n

P = [pij]. this gives
fi=piug +ping+-+Ppingn



202 = Determinants and Diagonalization

Since the p;; are constants, differentiation preserves this relationship:

fl=pigh +pingh+ -+ ping,

so f = Pg’. Substituting this into f = Af gives Pg’ = APg. But then left multiplication by P~! gives
g’ = P~1APg, so the original system of equations f = Af for f becomes much simpler in terms of g:

g) Moo 0] a
S I I P [

Hence g; = A;g; holds for each i, and Theorem 3.5.1 implies that the only solutions are

Aix

gi(x) =cie ¢; some constant

Then the relationship f = Pg gives the functions fi, f2, ..., f, as follows:

Clellx
Czelzx A1x Aox Anx
f(x) = [x1, X2, -+, Xy . =c1x1eM F X - opXxpe™
cnel"x
This is what we wanted. U

The theorem shows that every solution to f = Af is a linear combination

llx lzx lnx

f(x) = c1x e + coxpe™ + - -+ cpXpe

where the coefficients c; are arbitrary. Hence this is called the general solution to the system of differential
equations. In most cases the solution functions f;(x) are required to satisfy boundary conditions, often of
the form f;(a) = b;, where a, by, ..., b, are prescribed numbers. These conditions determine the constants
c¢;. The following example illustrates this and displays a situation where one eigenvalue has multiplicity
greater than 1.

Example 3.5.3

Find the general solution to the system

fi= 5fi+8f2+16f3
fi= 4fi+ fo+ 8fs
fi=—4fi—4f—11f3

Then find a solution satisfying the boundary conditions f1(0) = f2(0) = f3(0) = 1.

5 8 16
Solution. The system has the form f' = Af, where A = 4 1 8 | . In this case
—4 —4 —11

ca(x) = (x+3)?(x — 1) and eigenvectors corresponding to the eigenvalues —3, —3, and 1 are,
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respectively,
—1 -2 2
X| = 1 Xy = 0 X3 = 1
0 1 —1

Hence, by Theorem 3.5.2, the general solution is

—1 -2 2
f(x) =c 1| e +e 0 |e ¥+ 1 | €, c;constants.
0 1 —1

The boundary conditions f;(0) = f2(0) = f3(0) = 1 determine the constants c;.

1 —1 -2
1 :f(()) = 1 |+ 0| +cs 1
1 0 1 —1
-1 -2 2 C1
= 0 1 (6]
0 1 -1 Cc3
The solution is ¢ = —3, ¢» =3, ¢3 = 4, so the required specific solution is

fi(x) = —Te 3 4+ 8e*
fa(x) = =3¢ +4¢*
f3(x) = Se 3 —4¢*
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Exercises for 3.5

Exercise 3.5.1 Use Theorem 3.5.1 to find the general d. fl=2fi+ f+2f3
solution to each of the following systems. Then find a H=2f+2H—2f
specific solution satisfying the given boundary condition. AK=3+ L+ f

f1(0) = £2(0) = f3(0) = 1

a. fil=2fi+4f, f1(0)=0
fH=3f+3f, £(0)=1
fying f(xo) = kis f(x) = ke®(x—%0),

Exercise 3.5.2 Show that the solution to f/ = af satis-

b. fil=—fi+5f, fi(0)= 1 Exercise 3.5.3 A radioactive element decays at a rate
fr =fi+3f, £(0)=-1 proportional to the amount present. Suppose an initial
mass of 10 g decays to 8 g in 3 hours.
¢ fi= 4f> +4f3
H= fith-2f a. Find the mass ¢ hours later.

fi=—fit fat+4fs
f1(0) = £2(0) = f3(0) = 1 to decay to half its mass.

b. Find the half-life of the element—the time taken
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Exercise 3.5.4 The population N(¢) of a region at time
t increases at a rate proportional to the population. If
the population doubles every 5 years and is 3 million ini-
tially, find N(z).

Exercise 3.5.5 Let A be an invertible diagonalizable
n X n matrix and let b be an n-column of constant func-
tions. We can solve the system f = Af + b as follows:

a. If g satisfies g’ = Ag (using Theorem 3.5.2), show
that f = g — A~ 'b is a solution to f = Af+b.

b. Show that every solution to f = Af+b arises as in
(a) for some solution g to g’ = Ag.

Exercise 3.5.6 Denote the second derivative of f by
f" = (f"). Consider the second order differential equa-
tion

f"—af —ayf =0,

ay and ap real numbers (3.15)

a. If f is a solution to Equation 3.15 let f| = f and
f>=f'—ay f. Show that

{fll =aifi+f2

Hh=awfi
Al a1 h
o [ ][5 o[£

h
12

(a), show that f is a solution to Equation 3.15.

b. Conversely, if [ is a solution to the system in

Exercise 3.5.7 Writing f” = (f”)’, consider the third
order differential equation

M —af"—af —asf=0

where ay, ap, and a3 are real numbers. Let

fi=fio=f—afand f=f"—a f —af".

h
a. Show that | f>

S

fi=aifi+ 1
fH=afi+fi,

is a solution to the system

fi=asfi
fi a 10 h
thatis | f5 | =] a2 0 1 1
bE a3 0 0 13
fi
b. Show further thatif | f> | is any solution to this
13

system, then f = f] is a solution to Equation 3.15.

Remark. A similar construction casts every linear differ-
ential equation of order n (with constant coefficients) as
an n X n linear system of first order equations. However,
the matrix need not be diagonalizable, so other methods
have been developed.

3.6 Proof of the Cofactor Expansion Theorem

Recall that our definition of the term deferminant is inductive: The determinant of any 1 X 1 matrix is
defined first; then it is used to define the determinants of 2 x 2 matrices. Then that is used for the 3 x 3
case, and so on. The case of a 1 x 1 matrix [a] poses no problem. We simply define

det [a]| =a

as in Section 3.1. Given an n X n matrix A, define A;; to be the (n — 1) x (n— 1) matrix obtained from A by
deleting row i and column j. Now assume that the determinant of any (n— 1) x (n — 1) matrix has been

defined. Then the determinant of A is defined to be

detA=aj detAj; —ap; detAry +---+ (_1)n+1an1 det A,

n
= Z(—l)l+1ai1 det A;;
i=1



