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Homogeneous Equations

Definition

A homogeneous linear equation is one whose constant term is equal to zero.
A system of linear equations is called homogeneous if each equation in the
system is homogeneous. A homogeneous system has the form

a;1xy + aieXe + -+ 4+ amXan = 0
a1X1 + azXe + -+ 4+ agXn = 0
am1X1 aF am2X2 T+ ot 4= AmnXn = (0]

where aj; are scalars and x; are variables, 1 <i<m, 1 <j<n.



Homogeneous Equations

Definition

A homogeneous linear equation is one whose constant term is equal to zero.
A system of linear equations is called homogeneous if each equation in the
system is homogeneous. A homogeneous system has the form

a;1xy + aieXe + -+ 4+ amXan = 0
a1X1 + azXe + -+ 4+ agXn = 0
am1X1 aF am2X2 T+ ot 4= AmnXn = (0]

where aj; are scalars and x; are variables, 1 <i<m, 1 <j<n.

Remark

1. Notice that x; = 0,x2 =0, ,x, = 0 is always a solution to a
homogeneous system of equations. We call this the trivial solution.

2. We are interested in finding, if possible, nontrivial solutions (ones with
at least one variable not equal to zero) to homogeneous systems.
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Example

X1 + X2 — x3 + 3xu = 0
Solve the system —-x1 4+ 4x2 4+ bxz3 — 2x4 = 0
X1 + 6X2 + 3X3 —|— 4X4 = 0
Solution
11 -1 3]0 1 0 —-9/5 14/5|0
-1 4 5 =20 | — — | 0 1 4/5 1/5 10
1 6 B 410 0 0 0 01]0
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The system has infinitely many solutions, and the general solution is
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Example

X1 + X2 — X3 +
Solve the system —x1 + 4xo + b5xz —
x1 + 6x2 + 3x3 +

Solution
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The system has infinitely many solutions, and the general solution is
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Theorem

If a homogeneous system of linear equations has more variables than
equations, then it has a nontrivial solution (in fact, infinitely many).
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Linear Combination

Definition
If X4, Xg,..., X, are columns with the same number of entries, and if
ai,az,...ap € R (are scalars) then a1X1 + a2Xs + - - + ap X}, is a linear

combination of columns Xi, X, ..., Xp.
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Linear Combination

Definition

If X4, Xg,..., X, are columns with the same number of entries, and if
ai,az,...ap € R (are scalars) then a1X1 + a2Xs + - - + ap X}, is a linear
combination of columns Xi, X, ..., Xp.

Example (continued)

In the previous example,
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Example (continued)

This gives us

X1 9/5 —14/5
X2 — g —4/5 Lt -1/5 = sX1 +tXa,
X3 1 0
X4 0 1
9/5 —14/5
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Example (continued)

This gives us

X1 9/5 —14/5
X2 | —4/5 Ly —1/5 — Xy 4 X,
X3 1 0
X4 0] 1
9/5 —14/5
with Xy = —4/5 and X = —1/5
1 0
0 1

The columns X; and X2 are called basic solutions to the original
homogeneous system.



Example (continued)

Notice that

X1 9/5
X2 =g —4/5
X3 1
X4 0

where r,q € R.
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Example (continued)
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are also basic solutions



Example (continued)

9 —14
The columns 5X; = _g and 5X5 = B 0 are also basic solutions
0 5

to the original homogeneous system.

Remark

In general, any nonzero multiple of a basic solution (to a homogeneous
system of linear equations) is also a basic solution.



What does the rank tell us in the homogeneous case?

Suppose A is the augmented matrix of an homogeneous system of m linear
equations in n variables, and rank A =r.

x x x x|0 1 % x %[0
* ok x x| 0 0 0 1 %[0
" ¥ % x x |0 — 10 0 0 1]0
* * *x x |0 0 0 0 0]O0
* * *x x [0 0 0 0 00
[ — S

n r leading 1’s
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What does the rank tell us in the homogeneous case?

Suppose A is the augmented matrix of an homogeneous system of m linear
equations in n variables, and rank A =r.

x x x x|0 1 % x %[0
* % % %[0 0 0 1 %[0
" ¥ % x x |0 — 10 0 0 1]0
* * *x x |0 0 0 0 0]O0
* * *x x [0 0 0 0 00
n r leading 1’s

There is always a solution, and the set of solutions to the system has n — r
parameters, so

» if r < n, there is at least one parameter, and the system has infinitely
many solutions;

» if r = n, there are no parameters, and the system has a unique solution,
the trivial solution.



Theorem

Let A be an m X n matrix of rank r, and consider the homogeneous system
in n variables with A as coefficient matrix. Then:

1. The system has exactly n — r basic solutions, one for each parameter.

2. Every solution is a linear combination of these basic solutions.



Problem

Find all values of a for which the system

X 4+ y =
ay + z = 0
x + y 4+ az = 0

has nontrivial solutions, and determine the solutions.



Problem

Find all values of a for which the system

X 4+ y =
ay + z = 0
x + y 4+ az = 0

has nontrivial solutions, and determine the solutions.

Solution

Non-trivial solutions occur only when a = 0, and the solutions when a = 0
are given by (rank r = 2, n —r = 3 — 2 = 1 parameter)

y | =s| -1 |, VseR
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