Math 221: LINEAR ALGEBRA

Chapter 3. Determinants and Diagonalization
§3-1. The Cofactor Expansion

Le Chen!
Emory University, 2020 Fall

(last updated on 10/26/2020)
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Determinant of Small Matrices

Recall that if A = { 2 2 ], then the determinant of A is defined as

det A = ad — b,

and that A is invertible if and only if det A # 0.

, i.e., use vertical bars

a b
c d

Notation: For det 2 Z } , we often write

instead of square brackets.



(a+c,b+d)

det (E 3) = signed area of parallelogram



Problem

How to define determinant for a general n X n matrix?
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r1+r2+r3

det (f; T» T3) = signed volume of the parallelepipe
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Only partially right... still missing many terms...



4 x 4 part [:
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4 x 4 part |l
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4 x 4 part I
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4 x 4 part IV:
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5% 57 ...

The determinant of an n X n matrix is more effectively defined through
recursion...



Cofactor and cofactor expansion

Definition
Let A = [a;j] be an n X n matrix.

— The sign of the (i,j) position is (—1)™. (Thus the sign is 1 if (i +j) is
even, and —1 if (i+j) is odd.)
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Definition (continued)

— Let Ajj denote the (n — 1) x (n — 1) matrix obtained from A by deleting
row 1 and column j. The (i, j)-cofactor of A is

cij(A) = (=1)" det(Ay).
— The determinant of A is defined as
det A = a11c11(A) + a12c12(A) + arzc13(A) + - - - + amncin(A)

and is called the cofactor expansion of det A along row 1.



Example

1 2 3
Let A= | 4 5 6 |.Find detA.
7 8 9

Using cofactor expansion along row 1,

det A

1C11(A) =+ 2C12(A) + 3C13(A)

5 6 4 6
8 9 79

(45 — 48) — 2(36 — 42) + 3(32 — 35)
—3—2(—6) 4 3(—3)

—3+12-9

0

1(-1)*

’ +2(-1)°

' +3(-1)*

4
7

)
8



Example (continued)

1 2 3
4 5 6
7T 8 9

Now try cofactor expansion along column 2.

A=

detA = 2cio (A) + 5cag (A) + 8C32(A)
_ _\3| 4 6 | 103 s 13
= 2(-1) 79’+5(1) 79'-1-8(1) 46‘

= —2(36 —42) +5(9 — 21) — 8(6 — 12)
—2(—6) + 5(—12) — 8(—6)

12 — 60 + 48

0.

We get the same answer!



Theorem (Cofactor Expansion Theorem)

The determinant of an n X n matrix A can be computed using the cofactor
expansion along any row or column of A.

Example
0 1 2 1
Let A = g ? 7(1) g . Cofactor expansion along row 1 yields
3 0 0 2
det A = 0C11(A) + 1C12(A) + 2013 (A) + 1C14(A)

1012(A) + 2C13(A) + C14(A):
whereas cofactor expansion along, row 3 yields

detA = 0031(A) + 1C32(A) + (71)C33(A) + 0034(A)
= lea2(A) + (—1)cas(A),

i.e., in the first case we have to compute three cofactors, but in the second
we only have to compute two.



Example (continued)

We can save ourselves some work by using cofactor expansion along row 3

rather than row 1.
2

w o Ut O

1
0
1
0

|
—
N O

detA = 1C32(A) + (*l)ng(A)

3 o |+

= 2(10 —21) 4+ 1(10 — 21)
= 2(—11) + (=11)
= -33.

= (12D’




Example (continued)
0 1 2 1
. 5 0 0 7 . .
Try computing det 0 1 -1 o |Uusing cofactor expansion along other
30 0 2

rows and columns, for instance column 2 or row 4. You will still get
det A = —33.



Problem

-8 1 0 —4

. ) 7T 0 -7
Find det A for A = 12 -3 0 3
-3 11 O 2

Solution

Using cofactor expansion along column 3, det A = 0.

Remark

If A is an n X n matrix with a row or column of zeros, then det A = 0.



Elementary Row Operations and Determinants

Example
2 0 -3
Let A=| 0 4 0 |. Then
1 0 -2
det A = 4(—1)* f :g ’ =4(-1) = —4.

Let By, B2, and Bs be obtained from A by performing a type 1, 2 and 3
elementary row operation, respectively, i.e.,

2 X711 +r3 —r3

Ty <> I3 —3 XTr3 —Tr3
2 0 -3 2 0 -3 2 0 -3
Bi=|1 0 -2 B = 0 4 0 Bs=1]0 4 0
0 4 0 -3 0 6 5 0 -8



Example (continued)

2 -3

1 —9 |~ (=4)(=1) =4 = (—1)det A.

det By = 4(—1)°

det By = 4(—1)"

—zQa _2 ‘:4(12_9):4X3:12:—3detA.

det Bz = 4(—1)* 2 =3 ’:4(—16+15):4(—1):—4:detA.

5 =8




Theorem (Determinant and Elementary Row Operations)

Let A be an n X n matrix.

1.
2.

If A has a row or column of zeros, then det A = 0.

If B is obtained from A by exchanging two different rows (or columns)
of A, then det B = —det A.

. If B is obtained from A by multiplying a row (or column) of A by a

scalar k € R, then det B = kdet A.

. If B is obtained from A by adding k times one row of A to a different

row of A (or adding k times one column of A to a different column of
A) then det B = det A.

. If two different rows (or columns) of A are identical, then det A = 0.



Example

det

BN TS



Example

N O 0O DN

= Ol O =

0 -8 26 4
-1 -3 8 0
0 -4 13 5
0 —2 10 -1
| -8 26
(-1)(-1)%| —4 13
-2 10
0 —14 8
0o -7 7
-2 10 -1
4| —14 8
=20 . o,
0 —6
SER]

(—2)(—42) = 84.

ut



Problem

a b ¢ —X —y -z
Ifdet | p q r | =—1,finddet | 3p+a 3q+b 3r+c
X y z 2p 2q 2r
Solution
—X -y -7 X y z
3p+a 3q+b 3r+c |=(-1)2)| 3p+a 3q+b 3r+c
2p 2q 2r p q i



Example

o O =
(e RN N \V]
© O W
S ot
Neliep]
—_

= (1)(5)det[ 9 ]
= (1))



Determinant and Scalar Multiple

Problem
Suppose A is a 3 x 3 matrix with det A = 7. What is det(—3A)?

Solution
al1r  ai2 ais —3a11  —3ai2 —3ai3
Write A = a21 a2 a3 . Then —3A = —3ag1 —3age2 —3ass
a1 as2 ass —3a3z1 —3az2 —3as3
—3a11  —3ai2 —3ai3 arl a1 ais
det(—SA) = —3&21 —3&22 —3&23 = (—3) —3&21 —3&22 —3&23
—3az1 —3az2 —3as3 —3az1 —3az2 —3as3
all a1z ais ai1 a2 as
= (_3)(_3) a21 a22 ag3 | = (—3)(—3)(—3) ag] a2  a23
—3az1  —3azz —3as3 agr  as2 as3

= (=3)*det A = (—27) x 7 = —189.




Theorem (Determinant of Scalar Multiple of Matrices)

If A is an n X n matrix and k € R is a scalar, then

det(kA) = k" det A.



Problem

Let
a b c 2a4+p 2b+q 2c+r
A=|p q r and B=| 2p+x 2q+y 2r+z
X y z 2x+a 2y+b 2z+c
Show that det B = 9det A.



Solution

2a4+p 2b+q 2c+r p—4x q—4y r—4z
detB=| 2p+x 2q+y 2r+z |=| 2p+x 29+y 2r+z
2x+a 2y+b 2z+4c 2x+a 2y+b 2z4c
p—4x q—4y r—4z p—4x q—4y r—4z
= 9x 9y 9z =0 X y z
2x+a 2y+b 2z4c 2x+a 2y+b 2z4c
p q r P q r a b
=9 X y Z =9 x y z|=-9|x y =z
2x+a 2y+b 2z+4c a b P q

b ¢
q r | =9detA.
y

Z

Il
NeJ
Mo o




Determinant of Triangular Matrices

Theorem

If A = [a;] is an n X n (square, upper or lower) triangular matrix, then
det A = ajjag0as3 - - an

i.e., det A is the product of the entries of the main diagonal of A.

Nk



Determinants of Upper Triangular Matrices

ui1 ui2 Uin
0] u22 U2n

U —
0 0 <o+ Unn

det(U) = uiiu22 - - - Unn



Determinants of lower Triangular Matrices

li1 0 0
la1 Lo (0]
L= .
enl Zn2 gnn
(2



Determinants of diagonal Matrices

diin O 0
(0] doo 0]
D= i
(0] 0] @hyin
A

det(D) = diidaz - - - dun



Determinant of Block Matrices

Theorem

Consider the matrices
A X q A 0
o B| * Y B
where A and B are square matrices. Then

A X

A
0 B Y

det {

] =det AdetB and det{ } = det A det B.

0
B



=2
1
0
=1
=1

AN O 10

=3 x (=2) = —6.



Some More Exercises

Example (From Exercise)

Evaluate by inspection.

a b @
det| a+1 b+1 c+1 | =7
a—1 b—1 c—1

row2 +row3 — 2(rowl) =[ 0 0 0 ]



Example (From Exercise)

(a) Find det A if A is 3 x 3 and det(2A) = 6.
(b) Let A be an n X n matrix. Under what conditions is det(—A) = det A?



Example (From Exercise)

In each case, prove the statement is true or give a counterexample showing
that the statement is false.

(a) det(A + B) = det A + det B.

(c) Tf A'is 2 x 2, then det(AT) = det A.
(e) If A is 2 x 2, then det(7A) = 49det A.
(g) det(—A) = —det A.
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