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§ 11.1 Introduction
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Three ways to view the same thing

(x1, y1), · · · , (xn, yn)

1. Purely data, no probability structure assumed.

(x1,Y1), · · · , (xn,Yn)

2. A random sample of size n, where Yi follows a distribution depending on
xi which is deterministic.

(X1,Y1), · · · , (Xn,Yn)

3. A random sample of size n, where (Xi ,Yi ) follow some joint distribution.
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§ 11.2 The Method of Least Squares

Goal: Find a blue line that minimizes
the sum of the square of the green lines
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Thm. Given n points (x1, y1), · · · , (xn, yn), the straight line y = a + bx
minimizing

L(a, b) =
n∑

i=1

[yi − (a + bxi )]2

when

b =
n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n
(∑n

i=1 x2
i

)
−
(∑n

i=1 xi
)2

and

a =

∑n
i=1 yi − b

∑n
i=1 xi

n
= ȳ − bx̄ .

Proof. 
∂

∂a
L(a, b) =

n∑
i=1

(−2) [yi − (a + bxi )] = 0

∂

∂b
L(a, b) =

n∑
i=1

(−2xi ) [yi − (a + bxi )] = 0
(Normal equations)
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⇐⇒



n∑
i=1

yi − na− b
n∑

i=1

xi = 0 (1)

n∑
i=1

xiyi − a
n∑

i=1

xi − b
n∑

i=1

x2
i = 0 (2)

(1) =⇒ a = ȳ − bx̄

(1)×
n∑

i=1

xi − (2)× n =⇒ b =
n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n
(∑n

i=1 x2
i

)
−
(∑n

i=1 xi
)2

�
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(Moore-Penrose) Pseudoinverse

1. Well determined system

Ax = b =⇒ x = A−1y .

2. Overdetermined system

Ax = y

AT Ax = AT y

(AT A)−1AT A︸ ︷︷ ︸
=I

x = (AT A)−1AT y

x = (AT A)−1AT︸ ︷︷ ︸
=:A+

y

3. Under determined system

Ax = y =⇒ x = AT (AAT )−1︸ ︷︷ ︸
=:A+

y .
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Proof. (Another proof based on pseudoinverse)

A =


1 x1

1 x2
...

...
1 xn


n×2

, x =

(
β0

β1

)
2×1

, y =


y1

y2
...

yn


1×n

AT A =

(
1 1 · · · 1
x1 x2 · · · xn

)
1 x1

1 x2
...

...
1 xn

 =

(
n

∑n
i=1 xi∑n

i=1 xi
∑n

i=1 x2
i

)

(AT A)−1 =
1

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

( ∑n
i=1 x2

i −
∑n

i=1 xi

−
∑n

i=1 xi n

)
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AT y =

(
1 1 · · · 1
x1 x2 · · · xn

)
y1

y2
...

yn

 =

( ∑n
i=1 yi∑n

i=1 xiyi

)

(
a
b

)
= x =(AT A)−1AT y

=
1

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

( ∑n
i=1 x2

i −
∑n

i=1 xi

−
∑n

i=1 xi n

)( ∑n
i=1 yi∑n

i=1 xiyi

)

=



(∑n
i=1 x2

i
) (∑n

i=1 yi
)
−
(∑n

i=1 xi
) (∑n

i=1 xiyi
)

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2
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AT y =

(
1 1 · · · 1
x1 x2 · · · xn

)
y1

y2
...

yn

 =

( ∑n
i=1 yi∑n

i=1 xiyi

)

(
a
b

)
= x =(AT A)−1AT y

=
1

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

( ∑n
i=1 x2

i −
∑n

i=1 xi

−
∑n

i=1 xi n

)( ∑n
i=1 yi∑n

i=1 xiyi

)

=



(∑n
i=1 x2

i
) (∑n

i=1 yi
)
−
(∑n

i=1 xi
) (∑n

i=1 xiyi
)

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2
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b =
n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2 .

a =

(∑n
i=1 x2

i
) (∑n

i=1 yi
)
−
(∑n

i=1 xi
) (∑n

i=1 xiyi
)

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

=

(∑n
i=1 x2

i
) (∑n

i=1 yi
)
−
(∑n

i=1 xi
) [(∑n

i=1 xiyi
)
− 1

n

(∑n
i=1 xi

) (∑n
i=1 yi

)]
n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

−
1
n

(∑n
i=1 xi

)2 (∑n
i=1 yi

)
n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

=
1
n

n∑
i=1

yi − b
1
n

n∑
i=1

xi = ȳ − bx̄ .

�
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A probabilistic view ...

Def. The function f (X ) for which

E
[
(Y − f (X ))2

]
is minimized is called the regression curve of Y on X .

Thm. Let (X ,Y ) be two random variables such that Var(X ) and Var(Y ) both
exist. Then the regression cure of Y on X is given (for all x) by

f (x) = E [Y |X = x ] .

17
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Proof. Let f (x) = E [Y |X = x ] and let φ(x) be a general function. Then

E
[
(Y − φ(X ))2

]
=E

[
([Y − f (X )] + [f (x)− φ(x)])2

]
=E

[
(Y − f (X ))2

]
+ E

[
(f (x)− φ(X ))2

]
+ E [(Y − f (X )) (f (x)− φ(X ))] .

Let ψ(x) be either f (x) or φ(x). We claim that

E [(Y − f (X ))ψ(X )] = 0.

Indeed,

E[Yψ(X )] =

∫∫
R2

fX ,Y (x , y)yψ(x)dydx

=

∫
R

dxψ(x)fX (x)

∫
R

dy
fX ,Y (x , y)

fx (x)
y︸ ︷︷ ︸

= E[Y |X = x ]

= E[f (X )ψ(X )].

Hence,

E
[
(Y − φ(X ))2

]
= E

[
(Y − f (X ))2

]
+ E

[
(f (x)− φ(X ))2

]
which is minimized when φ(x) = f (x). �
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If one imposes that f (x) = a + bx , then

Thm. The following squared error:

E
[
{Y − (a + bX )}2

]
is minimized at

b = ρXY
σY

σX
=
σXY

σ2
X

and a = E[Y ]− bE[X ]

with the mean squared error

E
[
{Y − (a + bX )}2

]
=
(

1− ρ2
XY

)
σ2

Y .

19
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Proof.

E
[
{Y − (a + bX )}2

]
=E

[{
[Y − E(Y )]− b[X − E(X )]− [a− E[Y ] + bE(X )]

}2
]

||

E
[
[Y − E(Y )]2

]
+b2E

[
[X − E(X )]2

]
+

[
a− E[Y ] + bE(X )

]2

−2bE
[

[Y − E(Y )][X − E(X )]

]
−2
[
a− E[Y ] + bE(X )

]
E [Y − E(Y )]

+2b
[
a− E[Y ] + bE(X )

]
E [X − E(X )]

=

Var(Y )

+b2Var(X )

+

[
a− E[Y ] + bE(X )

]2

−2b Cov(X ,Y )

+0

+0

20
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⇓

E
[
{Y − (a + bX )}2

]
||

Var(Y ) + b2Var(X ) +

[
a− E[Y ] + bE(X )

]2

− 2b Cov(X ,Y )

The best a, called a∗, should be such that

[
a∗ − E[Y ] + bE(X )

]2

= 0 ⇐⇒ a∗ = E[Y ]− bE[X ]
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⇓

E
[
{Y − (a∗ + bX )}2

]
||

Var(Y ) + b2Var(X )− 2b Cov(X ,Y )

||

σ2
Y + b2σ2

X − 2bρXYσXσY

||(
1− ρ2

XY

)
σ2

Y +

(
bσX − ρXYσY

)2

The best b, called b∗, should be

(b∗σX − ρXYσY )
2

= 0 ⇐⇒ b∗ = ρXY
σY

σX
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⇓

E
[
{Y − (a∗ + b∗X )}2

]
||(

1− ρ2
XY

)
σ2

Y

with

b∗ = ρXY
σY

σX
=
σXY

σ2
X

and a∗ = E[Y ]− bE[X ]

�
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⇓

E
[
{Y − (a∗ + b∗X )}2

]
||(

1− ρ2
XY

)
σ2

Y

with

b∗ = ρXY
σY

σX
=
σXY

σ2
X

and a∗ = E[Y ]− bE[X ]
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Remark In practice, we have data (x1, y1), · · · , (xn, yn) instead of the joint law of
(X ,Y )

⇓

Replace

µX , µY , σ
2
X , σ

2
Y , ρXY , σXY

by their maximum likelihood estimates

x̄ , ȳ , σ̂2
X , σ̂

2
Y , rXY , σ̂XY
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1. x̄ = 1
n

∑n
i=1 xi , ȳ = 1

n

∑n
i=1 yi

2. σ̂2
X =

1
n

n∑
i=1

(xi − x̄)2 =
1
n

n∑
i=1

x2
i − x̄2 =

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

n2

σ̂2
Y =

1
n

n∑
i=1

(yi − ȳ)2 =
1
n

n∑
i=1

y2
i − ȳ2 =

n
∑n

i=1 y2
i −

(∑n
i=1 yi

)2

n2

3. σ̂XY =
1
n

n∑
i=1

(xi − x̄) (yi − ȳ) =
1
n

n∑
i=1

xiyi − x̄ ȳ

=
n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n2

4. rXY =
σ̂XY

σ̂X σ̂Y

⇓

b = rXY
σ̂Y

σ̂X
=
σ̂XY

σ̂2
X
, a = ȳ − bx̄
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, a = ȳ − bx̄

25



1. x̄ = 1
n

∑n
i=1 xi , ȳ = 1
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Maximum likelihood estimates

σ̂2
X =

1
n

n∑
i=1

(xi − x̄)2

σ̂2
Y =

1
n

n∑
i=1

(yi − ȳ)2

σ̂XY =
1
n

n∑
i=1

(xi − x̄) (yi − ȳ)

Sample (co)variances

s2
X =

1
n − 1

n∑
i=1

(xi − x̄)2

s2
Y =

1
n − 1

n∑
i=1

(yi − ȳ)2

sXY =
1

n − 1

n∑
i=1

(xi − x̄) (yi − ȳ)
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E.g. 1 Producing air conditioners. x = rough weight of a rod. y = finished
weight. Find the best linear approximation of xy -relationship. Predict the
weight when x = 2.71
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Sol. ...

... �
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Sol. ...
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Def. Let a and b be the least squares coefficients with the sample
(x1, y1), · · · , (xn, yn).

ŷ = a + bx : predicted value of y

yi − ŷi = yi − (a + bxi ): ith residual

Rem. Use the resigual plots to assessing the model.

29



Def. Let a and b be the least squares coefficients with the sample
(x1, y1), · · · , (xn, yn).
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E.g. 1’ Here are the residues and their plots:
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E.g. 1’ Here are the residues and their plots:
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E.g. 2 Predict the Social Security expenditures.

Does the the least squares line y = −38.0 + 12.9x a good model to
predict the cost in 2010 would be $543, i.e., the case x = 45?

Sol.
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Exponential Regression

y = aebx ⇐⇒ ln y = ln a + bx

b =
n
∑n

i=1 xi ln yi −
(∑n

i=1 xi
) (∑n

i=1 ln yi
)

n
(∑n

i=1 x2
i

)
−
(∑n

i=1 xi
)2 ln a =

∑n
i=1 ln yi − b

∑n
i=1 xi

n

34



E.g. Moore’s law:

Gordon Moore predicted in 1965 that the number of transistors per chip
would double every 18 months.

Based on the real data, check:

1) Whether is the chip capacity doubling at a fixed rate?

2) Find out the rate.
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Sol. To check whether chip capacity doubles in a fixed rate, one needs to
carry out exponential regression:

=⇒ b = · · · = 0.342810, a = · · · = eln a = e8.89 = 7247.189.
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Sol. To check whether chip capacity doubles in a fixed rate, one needs to
carry out exponential regression:
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Finally, to find out the rate:

e0.343x = eln 2× 0.343
ln 2 x = 2

0.343
ln 2 x

0.343
ln 2

x = 1 =⇒ x =
ln 2

0.343
= 2.020837.

�

37



Other curvilinear models
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Plan

§ 11.1 Introduction

§ 11.2 The Method of Least Squares

§ 11.3 The Linear Model

§ 11.4 Covariance and Correlation

§ 11.5 The Bivariate Normal Distribution
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§ 11.2 The Method of Least Squares

§ 11.3 The Linear Model
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§ 11.3 The Linear Model

Recall For any two random variables X and Y , the regression curve of Y on
X , namely,

f (x) = E [Y |X = x ] .

minimizes the squared error

E
[
(Y − f (X ))2

]

Difficulties The regression curve y = E[Y |x ] is complicated and hard to obtain.

Compromise Assume that f (x) = a + bx (i.e., the first order approximation)
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Simple linear model

(Simple) linear model:

1. fY |x (y) is a normal pdf for any x given.

2. The standard deviation, σ, of Y |x is the same for all x , i.e.,

σ2 ≡ E[Y 2|x ]− E[Y |x ]2.

3. The mean of Y |x is collinear, i.e.,

y = E[Y |x ] = β0 + β1x .

4. All of the conditional distributions represnt indep. random variables.

Summary Let Y1, · · · ,Yn be independent r.v.’s where Yi ∼ N(β0 + β1xi , σ
2) with xi

are known and β0, β1 and σ2 are unknown.
⇔

Yi = β0 + β1xi + εi , εi are indep. and ∼ N(0, σ2).
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MLE for linear model

Thm. Let (x1,Y1), · · · , (xn,Yn) be a set of points satisfying the linear model,
E[Y |x ] = β0 + β1x .

(⇐⇒ let Y1, · · · ,Yn be independent r.v.’s where Yi ∼ N(β0 + β1xi , σ
2)

with xi are known and β0, β1 and σ2 are unknown.)

The maximum likelihood estimators for β0, β1 and σ2 are given by

β̂1 =
n
∑n

i=1 xiYi −
(∑n

i=1 xi
) (∑n

i=1 Yi
)

n
(∑n

i=1 x2
i

)
−
(∑n

i=1 xi
)2

β̂0 =

∑n
i=1 Yi − b

∑n
i=1 xi

n
= Ȳ − β̂1x̄

σ̂2 =
1
n

n∑
i=1

(
Yi − Ŷi

)2
, Ŷi = β̂0 + β̂1xi .
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Properties of linear model estimators

Theorem:
1. β̂0 and β̂1 are both normally distributed.

2. β̂0 and β̂1 are unbiased: E[β̂0] = β0 and E[β̂1] = β1.

3. Variances are eqal to

Var(β̂1) =
σ2∑n

i=1(x − x̄)2

Var(β̂0) =
σ2∑n

i=1 x2
i

n
∑n

i=1(xi − x̄)2
= σ2

[
1
n

+
x̄2∑n

i=1(xi − x̄)2

]

4. β̂1, Y and σ̂2 are mutually independent. =⇒ Ŷi ⊥ σ̂2

5. nσ̂2

σ2 ∼ Chi Square with n − 2 degrees of freedom. =⇒ E[σ2] = n−2
n σ2

Proof. ...
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n
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Estimating σ2

1. MLE:

σ̂2 =
1
n

n∑
i=1

(
Yi − Ŷi

)2
=

1
n

n∑
i=1

(
Yi − β̂0 − β̂1xi

)2
.

2. The unbiased estimator:

MSE = S2 =
n

n − 2
σ̂2 =

1
n − 2

n∑
i=1

(
Yi − β̂0 − β̂1xi

)2
.
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Notation

Parameter Estimator Estimate

β1 β̂1 β1e

β0 β̂0 β0e

σ S s

σ2 S2 s2

σ2 σ̂2 σ2
e

Y ȳ

Ŷi ŷi = β0e + β1exi
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Drawing inferences on

1. the slope β1

2. the intercept β0

3. shape parameter σ2

4. the regresion line itself

y = E[Y |x ] = β0 + β1x

5. the future observations

6. testing two slopes.
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1. Drawing inferences on β1

Thm. Tn−2 =
β̂1 − β1

S
/√∑n

i=1(xi − x̄)2

∼ Student t distribution with df = n − 2.

1. Hypothesis test H0 : β1 = β′1 vs. ....

2. C.I. for β1: β1e ± tα/2,n−2
s√∑n

i=1(xi−x̄)
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2. Drawing inferences on β0
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3. Drawing inferences on σ2
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4. Drawing inference on the regression line

54



55



56



5. Drawing inference on future observations
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E.g. 1 Does smoking contribute to coronary heat disease?

1) Test H0 : β1 = 0 v.s. H1 : β1 > 0 at α = 0.05.

2) Find C.I. for β1 with the same α.
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Sol. http://r-statistics.co/Linear-Regression.html

1. Let’s first take of look of the data by scatter plot:

1 scatter .smooth(x=x, y=y, main="Cigarette ~ Mortality")

Suggests a linearly increasing relationship between x and y .
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2. Check outliers using boxplot.

Any datapoint that lies outside the r×IQR is considered an outlier.

Generally, r = 1.5.
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1 r <− 1.5
2 par(mfrow=c(1, 2)) # divide graph area in 2 columns
3 boxplot(x, main="Cigarette", range=r, sub=paste("Outlier rows: " , boxplot. stats (x, coef=r)$out))

# box plot for ’Cigarette ’
4 boxplot(y, main="Mortality", range=r, sub=paste("Outlier rows: " , boxplot. stats (y, coef=r)$out))

# box plot for ’ Mortality ’

r = 1.5 r = 1
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3. Compute kernel density estimates

1 library (e1071)
2 plot (density(x) , main="Density Plot: Cigarette" , ylab="Frequency",
3 sub=paste("Skewness:", round(e1071::skewness(x), 2))) # density plot for ’Cigarette ’
4 polygon(density(x), col="red")
5 plot (density(y) , main="Density Plot: Mortality " , ylab="Frequency",
6 sub=paste("Skewness:", round(e1071::skewness(y), 2))) # density plot for ’ Mortality ’
7 polygon(density(y), col="red")
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4. Compute correlation coeficient.

Correlation is a statistical measure with values in [−1, 1] that suggests
the level of linear dependence between two variables.

A value closer to 0 suggests a weak relationship between the variables.
A low correlation (−0.2, 0.2) probably suggests that much of variation of
the response variable Y is unexplained by the predictor X , in which
case, we should probably look for better explanatory variables.

1 > cor(x,y)
2 [1] 0.7295154
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5. Compute linear regression.

1 > CigMort <− data.frame("Cigarette" = x, "Mortality " = y) # Build the data frame
2 > linearMod <− lm(Mortality ~ Cigarette, data=CigMort) # linear regression
3 > print (linearMod) # Print out the result
4

5 Call :
6 lm(formula = Mortality ~ Cigarette, data = CigMort)
7

8 Coefficients :
9 ( Intercept ) Cigarette

10 15.7711 0.0601

y = 15.7711 + 0.0601x
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6. Check statistical significance of the linear model

1 > summary(linearMod)
2

3 Call :
4 lm(formula = Mortality ~ Cigarette, data = CigMort)
5

6 Residuals:
7 Min 1Q Median 3Q Max
8 −84.835 −40.809 5.058 28.814 87.518
9

10 Coefficients :
11 Estimate Std. Error t value Pr(>| t |)
12 ( Intercept ) 15.77115 29.57889 0.533 0.600085
13 Cigarette 0.06010 0.01293 4.649 0.000175 ∗∗∗
14 −−−
15 Signif . codes: 0 "∗∗∗" 0.001 "∗∗" 0.01 "∗" 0.05 " . " 0.1 " " 1
16

17 Residual standard error: 46.71 on 19 degrees of freedom
18 Multiple R−squared: 0.5322, Adjusted R−squared: 0.5076
19 F−statistic : 21.62 on 1 and 19 DF, p−value: 0.0001749

0.1 By default, p-values are computed for H0 : βi = 0 vs. H1 : βi 6= 0, i = 0, 1.
0.2 The more stars by the variable’s p-Value, the more significant the variable.
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Testing H0 : β1 = 0 v.s.
H1 : β1 6= 0

t-score is 4.4649.

p-value= 0.000175

Conclusion: reject at
α = 0.05.

95% C.I. for β1:

Testing H0 : β0 = 0 v.s.
H1 : β0 6= 0

t-score is 0.533.

p-value= 0.600

Conclusion: fail to reject at
α = 0.05.

95% C.I. for β0:

1 > # 95% C.I. for slope parameter beta_1
2 > alpha <− 0.05
3 > for ( i in c(1,0) ) {
4 + coef <− summary(linearMod)$coefficient
5 + df <− linearMod$df.residual
6 + lbd <− coef[i+1,1] − pt(1−alpha/2,df) ∗ coef[i+1,2]
7 + ubd <− coef[i+1,1] + pt(1−alpha/2,df) ∗ coef[ i+1,2]
8 + print (paste("95% C.I. for the slope is beta_", i ,
9 + " is (" , round(lbd,3), " , " , round(ubd,3),")" ) )

10 + }
11 [1] "95% C.I. for the slope is beta_ 1 is ( 0.049 , 0.071 )"
12 [1] "95% C.I. for the slope is beta_ 0 is ( −8.753 , 40.295 )"
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Testing H0 : β0 = 0 v.s.
H1 : β0 6= 0

t-score is 0.533.

p-value= 0.600

Conclusion: fail to reject at
α = 0.05.

95% C.I. for β0:

1 > # 95% C.I. for slope parameter beta_1
2 > alpha <− 0.05
3 > for ( i in c(1,0) ) {
4 + coef <− summary(linearMod)$coefficient
5 + df <− linearMod$df.residual
6 + lbd <− coef[i+1,1] − pt(1−alpha/2,df) ∗ coef[i+1,2]
7 + ubd <− coef[i+1,1] + pt(1−alpha/2,df) ∗ coef[ i+1,2]
8 + print (paste("95% C.I. for the slope is beta_", i ,
9 + " is (" , round(lbd,3), " , " , round(ubd,3),")" ) )

10 + }
11 [1] "95% C.I. for the slope is beta_ 1 is ( 0.049 , 0.071 )"
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7. Compute R-Squared and the adjusted R-Squared.

R2 = 1− SSE
SST

and R2
adj = 1− MSE

MST

1 > names(summary(linearMod))
2 [1] " call " "terms" "residuals" " coefficients "
3 [5] "aliased" "sigma" "df" " r .squared"
4 [9] "adj. r .squared" " fstatistic " "cov.unscaled"
5 > summary(linearMod)$r.squared
6 [1] 0.5321927
7 > summary(linearMod)$adj.r.squared
8 [1] 0.5075712

The large r 2 or r 2
adj the better, the more powerful or expressive is the L.M.
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8. Residue standard error and F -statistic

Residue standard error =
√

MSE =

√
SSE
n − q

F =
MSR
MSE

=
SSR/(q − 1)

SSE/(n − q)
∼ F-distribution (df1 = q − 1, df2 = n − q)

1 > names(summary(linearMod))
2 [1] " call " "terms" "residuals" " coefficients "
3 [5] "aliased" "sigma" "df" " r .squared"
4 [9] "adj. r .squared" " fstatistic " "cov.unscaled"
5 > summary(linearMod)$sigma
6 [1] 46.70826
7 > summary(linearMod)$fstatistic
8 value numdf dendf
9 21.61501 1.00000 19.00000

10 > f <− summary(linearMod)$fstatistic
11 > pf( f [1], f [2], f [3], lower=FALSE)
12 value
13 0.0001748805
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9. Model selection:

Akaike’s information criterion
— AIC (Akaike, 1974)

AIC = −2 ln(L̂) + 2q

Bayesian information criterion
— BIC (Schwarz, 1978)

BIC = −2 ln(L̂) + q ln(n)

L̂: the maximum of likelihood.

q: the number of parameters in the model.

n: the sample size.

1 > AIC(linearMod)
2 [1] 224.9383
3 > BIC(linearMod)
4 [1] 228.0719

The lower the better!
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10. Does L.M. fit our model?

Statistic criterion our case

R2 Higher the better (>0.7) 0.53

R2
adj Higher the better 0.51

AIC Lower the better 225

BIC Lower the better 228
...

...
...
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11. Drawing inference on E(Y |x)

Find 95% C.I. for Y at x = 4200.
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1 s <− summary(linearMod)$sigma
2 beta <− linearMod$coefficients
3 z <− seq(1000,4500,1)
4 hatY <− beta[1]+beta[2]∗z
5 w <− qt(0.975,19) ∗ s ∗ sqrt(1/21+(z−mean(x))^2/(sum((x−mean(x))^2)))
6 matplot(z,cbind(hatY,hatY+w,hatY−w),type = c("l","l"," l " ) , lwd=c(3,4,4))
7 points(x, y, pch = 19)
8 abline(v=4200,col = "blue", lty = 4)
9 abline(h=208.71,col = "blue", lty = 4)

10 abline(h=327.66,col = "blue", lty = 4)
11 text (4200,50,4200)
12 text (1200,203,208.71)
13 text (1200,331,327.66)
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12. Drawing inference on future observations.

Find 95% prediction interval for Y at x = 4200.
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1 s <− summary(linearMod)$sigma
2 beta <− linearMod$coefficients
3 z <− seq(1000,4500,1)
4 hatY <− beta[1]+beta[2]∗z
5 w <− qt(0.975,19) ∗ s ∗ sqrt(1/21+(z−mean(x))^2/(sum((x−mean(x))^2)))
6 f <− qt(0.975,19) ∗ s ∗ sqrt(1+1/21+(z−mean(x))^2/(sum((x−mean(x))^2)))
7 matplot(z,cbind(hatY,hatY+w,hatY−w,hatY+f,hatY−f),
8 type = c(" l " , " l " , " l " , " l " , " l " ) , lwd=c(3,4,4,4,4))
9 points(x, y, pch = 19)

10 abline(v=4200,col = "blue", lty = 4)
11 abline(h=208.71,col = "blue", lty = 4)
12 abline(h=327.66,col = "blue", lty = 4)
13 text (4200,50,4200)
14 text (1200,208.71−5,208.71)
15 text (1200,327.66+5,327.66)
16 abline(h=153.76,col = "red", lty = 4)
17 abline(h=382.61,col = "red", lty = 4)
18 text (4200,50,4200)
19 text (1200,153.76−5,153.76)
20 text (1200,382.61+5,382.61)
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13. More about diagnozing the linear model:

1 # diagnostic plots
2 layout(matrix(c (1,2,3,4) ,2,2) ) # optional 4 graphs/page
3 plot (linearMod)
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E.g. 2 Find 95% C.I. for the amount of increas year-by-year in the cost of
Toyota Camry sedan.
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Sol. We first find the regression:
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7. Testing the equality of two slopes

Do you believe that β1 = β∗1 ?

Or is β1 > β∗1 statisically significantly?
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S2 = SSE and q = 4.
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S2 = SSE and q = 4.
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Sol. Test
H0 : β1 = β∗1 v.s. H1 : β1 > β∗1 .

Long computations ... t = 2.50.

Critical region: t > t0.05,8 = 1.8595.

Reject. �
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1 > # Example 11.3.4
2 > # Read data first
3 > Input <− ("
4 + x yA yB
5 + 0 100 100
6 + 100 250 203
7 + 200 304 214
8 + 300 403 295
9 + 400 446 330

10 + 500 482 324
11 + ")
12 > Data = read.table(textConnection(Input),
13 + header=TRUE)
14 > Data
15 x yA yB
16 1 0 100 100
17 2 100 250 203
18 3 200 304 214
19 4 300 403 295
20 5 400 446 330
21 6 500 482 324
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1 > # fit the first model ...
2 > DataA <− data.frame(x = Data$x,yA = Data$yA)
3 > fitA <− lm(yA~x, DataA)
4 > summary(fitA)
5

6 Call :
7 lm(formula = yA ~ x, data = DataA)
8

9 Residuals:
10 1 2 3 4 5 6
11 −45.333 30.467 10.267 35.067 3.867 −34.333
12

13 Coefficients :
14 Estimate Std. Error t value Pr(>| t |)
15 ( Intercept ) 145.33333 26.86684 5.409 0.00566 ∗∗
16 x 0.74200 0.08874 8.362 0.00112 ∗∗
17 −−−
18 Signif . codes: 0 ’∗∗∗’ 0.001 ’∗∗’ 0.01 ’∗’ 0.05 ’ . ’ 0.1 ’ ’ 1
19

20 Residual standard error: 37.12 on 4 degrees of freedom
21 Multiple R−squared: 0.9459, Adjusted R−squared: 0.9324
22 F−statistic : 69.92 on 1 and 4 DF, p−value: 0.001119
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1 > # fit the second model ...
2 > DataB <− data.frame(x = Data$x,yB = Data$yB)
3 > fitB <− lm(yB~x, DataB)
4 > summary(fitB)
5

6 Call :
7 lm(formula = yB ~ x, data = DataB)
8

9 Residuals:
10 1 2 3 4 5 6
11 −31.333 26.467 −7.733 28.067 17.867 −33.333
12

13 Coefficients :
14 Estimate Std. Error t value Pr(>| t |)
15 ( Intercept ) 131.33333 22.77255 5.767 0.00449 ∗∗
16 x 0.45200 0.07522 6.009 0.00386 ∗∗
17 −−−
18 Signif . codes: 0 ’∗∗∗’ 0.001 ’∗∗’ 0.01 ’∗’ 0.05 ’ . ’ 0.1 ’ ’ 1
19

20 Residual standard error: 31.46 on 4 degrees of freedom
21 Multiple R−squared: 0.9003, Adjusted R−squared: 0.8754
22 F−statistic : 36.11 on 1 and 4 DF, p−value: 0.00386
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1 > # Now compute t−score and p−value
2 > sA <− summary(fitA)$coefficients
3 > sA
4 Estimate Std. Error t value Pr(>| t |)
5 ( Intercept ) 145.3333 26.86683800 5.409395 0.005656733
6 x 0.7420 0.08873825 8.361671 0.001118570
7 > sB <− summary(fitB)$coefficients
8 > sB
9 Estimate Std. Error t value Pr(>| t |)

10 ( Intercept ) 131.3333 22.77254682 5.767178 0.004486443
11 x 0.4520 0.07521525 6.009420 0.003860274
12 > db <− (sA[2,1]−sB[2,1]) # difference of beta_1’s
13 > db
14 [1] 0.29
15 > sd <− sqrt(sB[2,2]^2+sA[2,2]^2) # standard deviation
16 > sd
17 [1] 0.1163263
18 > df <− (fitA$df. residual+fitB$df. residual ) # degrees of freedom
19 > df
20 [1] 8
21 > td <− db/sd # t−score
22 > pv <− 2∗pt(−abs(td), df) # two−sided p−value
23 > print (paste("t−score is ", round(td,3) ,
24 + "and p−value is", round(pv,3)))
25 [1] " t−score is 2.493 and p−value is 0.037"
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4!
You should always visualize your data

before any analysis
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Plan

§ 11.1 Introduction
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§ 11.3 The Linear Model
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§ 11.5 The Bivariate Normal Distribution
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§ 11.4 Covariance and Correlation
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Notation: Corr(X ,Y ) = ρ(X ,Y ) = ρXY

Var(X ) = σ2
X , Var(Y ) = σ2

Y , Cov(X ,Y ) = σXY

⇓

ρXY =
σXY

σXσY
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Thm. For any two r.v.s X and Y ,

a. |ρ(X ,Y )| ≤ 1

b. ρ(X ,Y ) = 1 if and only if Y = aX + b for some a > 0 and b ∈ R;

ρ(X ,Y ) = −1 if and only if Y = aX + b for some a < 0 and b ∈ R.

Proof. ...... �
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Estimating ρ(X ,Y ): Sample correlation coefficient

ρ(X ,Y ) =
Cov(X ,Y )√

Var(X )
√

Var(Y )

=
E[XY ]− E[X ]E[Y ]√

E[X 2]− E[X ]
√

E[Y 2]− E[Y ]

⇓

R =
n
∑n

i=1 XiYi −
(∑n

i=1 Xi
) (∑n

i=1 Yi
)√

n
∑n

i=1 X 2
i −

(∑n
i=1 Xi

)2
√

n
∑n

i=1 Y 2
i −

(∑n
i=1 Yi

)2

Person product-moment correlation coefficent
or simply

Sample corelation coefficient
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Thm.
R2 = 1− SSE

SST
=

SST − SSE
SST

=
SSTR
SST

where

SSE =
n∑

i=1

(
Yi − Ŷi

)2
, Ŷi = β̂0 + β̂1Xi

SST =
n∑

i=1

(
Yi − Y i

)2
, and SSTR = SST − SSE .

Remark SSE: sum of square errors ∼ the variation in yi ’s not explained by L.M.

SST: Total sum of squares ∼ total variability.

SSTR: Treatment sum of sqrs. ∼ the variation in yi ’s explained by L.M.

R2 (or r 2 when Xi and Yi are replaced by xi and yi ) ∼ proportion of total
variation in the yi ’s that can be attributed to L.M.

Coefficient of determination or simply R squared
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, Ŷi = β̂0 + β̂1Xi

SST =
n∑

i=1

(
Yi − Y i

)2
, and SSTR = SST − SSE .

Remark SSE: sum of square errors ∼ the variation in yi ’s not explained by L.M.

SST: Total sum of squares ∼ total variability.

SSTR: Treatment sum of sqrs. ∼ the variation in yi ’s explained by L.M.

R2 (or r 2 when Xi and Yi are replaced by xi and yi ) ∼ proportion of total
variation in the yi ’s that can be attributed to L.M.

Coefficient of determination or simply R squared

97



Thm.
R2 = 1− SSE

SST
=

SST − SSE
SST

=
SSTR
SST

where

SSE =
n∑

i=1

(
Yi − Ŷi
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Proof
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Adjusted R-squared

Def. The adjusted R-squareed:

R2
adj := 1− MSE

MST

where
MSE =

SSE
n − q

and MST =
SST
n − 1

and q is number of parameters in the model.

Relation:
R2

adj = 1−
(

1− R2
) n − 1

n − q

MSE: Mean squared error.

MST: Mean squared total.

MSR = MSTR: Mean square for treatment (or regresssion).

MSR = MSTR =
SSTR
q − 1
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§ 11.5 The Bivariate Normal Distribution
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