
Math 362: Mathmatical Statistics II

Le Chen
le.chen@emory.edu

Emory University
Atlanta, GA

Last updated on February 25, 2020

2020 Spring

0

le.chen@emory.edu


Chapter 7. Inference Based on The Normal
Distribution

1



Chapter 7. Inference Based on The Normal Distribution

§ 7.1 Introduction

§ 7.2 Comparing Y−µ
σ/
√

n and Y−µ
S/
√

n

§ 7.3 Deriving the Distribution of Y−µ
S/
√

n

3



§ 7.1 Introduction

(1777-1855) (1749-1827)

4



https://en.wikipedia.org/wiki/Normal_distribution
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Test for normal parameters (one sample test)

Let Y1, · · · ,Yn be a random sample from N(µ, σ2).

Prob. 1 Find a test statistic Λ in order to test H0 : µ = µ0 v.s. H1 : µ 6= µ0.

When σ2 is known: Λ =
Y − µ0

σ/
√

n
∼ N(0, 1)

When σ2 is unknown: Λ =? Λ
?
=

Y − µ0

s/
√

n
∼ ?

Prob. 2 Find a test statistic Λ in order to test H0 : σ2 = σ2
0 v.s. H1 : σ2 6= σ2

0 .
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Prob. 1 Find a test statistic for H0 : µ = µ0 v.s. H1 : µ 6= µ0, with σ2 unknown

Sol. Composite-vs-composite test with:

ω =
{

(µ, σ2) : µ = µ0, σ
2 > 0

}
Ω =

{
(µ, σ2) : µ ∈ R, σ2 > 0

}

The MLE under the two spaces are:

ωe = (µe, σ
2
e) : µe = µ0 and σ2

e =
1
n

n∑
i=1

(yi − µ0)2 (Under ω)

Ωe = (µe, σ
2
e) : µe = ȳ and σ2

e =
1
n

n∑
i=1

(yi − ȳ)2 (Under Ω)
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L(µ, σ2) = (2πσ2)−n exp

(
−1

2

n∑
i=1

(yi − µ
σ

)2
)

L(ωe) = · · · =

[
ne−1

2π
∑n

i=1(yi − µ0)2

]n/2

L(Ωe) = · · · =

[
ne−1

2π
∑n

i=1(yi − ȳ)2

]n/2
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Hence

λ =
L(ωe)

L(Ωe)
=

[ ∑n
i=1(yi − ȳ)2∑n

i=1(yi − µ0)2

]n/2

= · · · =

[
1 +

n(ȳ − µ0)2∑n
i=1(yi − ȳ)2

]−n/2

=

1 +
1

n − 1

 ȳ − µ0√
1

n−1

∑n
i=1(yi − ȳ)2

/√
n


2
−n/2

=

[
1 +

1
n − 1

(
ȳ − µ0

s /
√

n

)2
]−n/2

=

[
1 +

t2

n − 1

]−n/2

, t =
ȳ − µ0

s /
√

n
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Finally, the test statistic is

T =
Y − µ0

S/
√

n

with Y =
1
n

n∑
i=1

Yi and S2 =
1

n − 1

n∑
i=1

(
Yi − Y

)2
.

Question: Find the exact distribution of T .
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Prob. 2 Find a test statistic for H0 : σ2 = σ2
0 v.s. H1 : σ2 6= σ2

0 , with µ unknown

Sol. Composite-vs-composite test with:

ω =
{

(µ, σ2) : µ ∈ R, σ2 = σ2
0

}
Ω =

{
(µ, σ2) : µ ∈ R, σ2 > 0

}

The MLE under the two spaces are:

ωe = (µe, σ
2
e) : µe = ȳ and σ2

e = σ2
0 (Under ω)

Ωe = (µe, σ
2
e) : µe = ȳ and σ2

e =
1
n

n∑
i=1

(yi − ȳ)2 (Under Ω)
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L(µ, σ2) = (2πσ2)−n exp

(
−1

2

n∑
i=1

(yi − µ
σ

)2
)

L(ωe) = (2πσ2)−n exp

(
−1

2

n∑
i=1

(
yi − ȳ
σ0

)2
)

L(Ωe) = · · · =

[
ne−1

2π
∑n

i=1(yi − ȳ)2

]n/2
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Hence

λ =
L(ωe)

L(Ωe)
=

[∑n
i=1(yi − ȳ)2

nσ2
0

]n/2

exp

(
−1

2

n∑
i=1

(
yi − ȳ
σ0

)2

+
n
2

)

=

[
1

n−1

∑n
i=1(yi − ȳ)2

n
n−1σ

2
0

]n/2

exp

(
−n − 1

2σ2
0

1
n − 1

n∑
i=1

(yi − ȳ)2 +
n
2

)

=

[
s2

n
n−1σ

2
0

]n/2

exp

(
−n − 1

2σ2
0

s2 +
n
2

)
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Finally, the test statistic is

S2 =
1

n − 1

n∑
i=1

(
Yi − Y

)2
with Y =

1
n

n∑
i=1

Yi

Question: Find the exact distribution of S2.
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Ref. Student’s t distribution comes from William Sealy Gosset’s 1908 paper in Biometrika under
the pseudonym "Student".

Gosset worked at the Guinness Brewery in Dublin, Ireland, and was interested in the
problems of small samples – for example, the chemical properties of barley where sample
sizes might be as few as 3.

V1 One version of the origin of the pseudonym is that Gosset’s employer preferred staff to use
pen names when publishing scientific papers instead of their real name, so he used the name
"Student" to hide his identity.

V2 Another version is that Guinness did not want their competitors to know that they were using
the t-test to determine the quality of raw material
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§ 7.3 Deriving the Distribution of Y−µ
S/
√

n

Def. Sampling distributions

Distributions of functions of random sample of given size.
statistics / estimators

E.g. A random sample of size n from N(µ, σ2) with σ2 known.

Sample mean Y = 1
n

∑n
i=1 Yi ∼ N(µ, σ2/n)

Aim: Determine distributions for

Sample variance S2 := 1
n−1

∑n
i=1

(
Yi − Y

)2
Chi square distr.

T :=
Y − µ
S/
√

n
Student t distr.

S2
1

σ2
1

/
S2

1

σ2
1

F distr.
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Thm 1. Let U =
∑m

i=1 Z 2
j , where Zj are independent N(0, 1) normal r.v.s. Then

U ∼ Gamma(shape=m/2,rate=1/2).

namely,

fU(u) =
1

2m/2Γ(m/2)
u

m
2 −1e−u/2, u ≥ 0

Def 1. U in Thm 1 is called chi square distribution with m dgs of freedom.
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Chi Square Table

P(χ2
5 ≤ 1.145) = 0.05 ⇐⇒ χ2

0.05,5 = 1.145

P(χ2
5 ≤ 15.086) = 0.99 ⇐⇒ χ2

0.99,5 = 15.086

1 > pchisq(1.145, df = 5)
2 [1] 0.04995622
3 > pchisq(15.086, df = 5)
4 [1] 0.9899989

1 > qchisq(0.05, df = 5)
2 [1] 1.145476
3 > qchisq(0.99, df = 5)
4 [1] 15.08627
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Thm 2. Let Y1, · · · ,Yn be a random sample from N(µ, σ2). Then

(a) S2 and Y are independent.

(b)
(n − 1)S2

σ2 =
1
σ2

n∑
i=1

(
Yi − Y

)2
∼ Chi Square(n − 1).

Proof. We will prove the case n = 2.

Y =
Y1 + Y2

2
, Y1 − Y =

Y1 − Y2

2
, Y2 − Y =

Y2 − Y1

2

S2 = ... =
1
2

(Y1 − Y2)2

(a) It is equivalanet to show Y1 + Y2 ⊥ Y1 − Y2. Since they are normal, it
suffices to show that

E[(Y1 + Y2)(Y1 − Y2)] = E[Y1 + Y2]E[Y1 − Y2]

(b) (n−1)S2

σ2 =
(

Y1−Y2√
2σ

)2
and Y1−Y2√

2σ
∼ N(0, 1) ... �
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Def 2. If U ∼ Chi Square(n) and V ∼ Chi Square(m), and U ⊥ V , then

F :=
V/m
U/n

follows the (Snedecor’s) F distribution with m and n degrees of
freedom.

Thm 3. Let Fm,n = V/m
U/n be an F r.v. with m and n degrees of freedom. Then

fFm,n (w) =
Γ
(m+n

2

)
mm/2nn/2

Γ(m/2)Γ(n/2)
× wm/2−1

(n + mw)(m+n)/2 , w ≥ 0

Equivalently,

fFm,n (w) = B(m/2, n/2)−1
(m

n

)m
2

w
m
2 −1

(
1 +

m
n

w
)−m+n

2

where B(a, b) = Γ(a)Γ(b)/Γ(a + b)
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Recall

Proof of Thm 3.

�
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1 # Draw F density
2 x=seq(0,5,0.01)
3 pdf= cbind(df(x, df1 = 1, df2 = 1),
4 df(x, df1 = 2, df2 = 1),
5 df(x, df1 = 5, df2 = 2),
6 df(x, df1 = 10, df2 = 1),
7 df(x, df1 = 100, df2 = 100))
8 matplot(x,pdf, type = " l " )
9 title ("F with various dgrs of freedom")
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F Table

P(F3,5 ≤ 5.41) = 0.95 ⇐⇒ F0.95,3,5 = 5.41

1 > pf(5.41,df1 = 3, df2 = 5)
2 [1] 0.9500093

1 > qf(0.95,df1 = 3, df2 = 5)
2 [1] 5.409451
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Def 3. Suppose Z ∼ N(0, 1), U ∼ Chi Square(n), and Z ⊥ U. Then

Tn =
Z√
U/n

follows the Student’s t-distribution of n degrees of freedom.

Remark T 2
n ∼ F -distribution with 1 and n degrees of freedom.

Thm 4. The pdf of the Student t of degree n is

fTn (t) =
Γ
( n+1

2

)
√

nπΓ
( n

2

) × (1 +
t2

n

)− n+2
2

, t ∈ R.
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1 # Draw Student t−density
2 x=seq(−5,5,0.01)
3 pdf= cbind(dt(x, df = 1),
4 dt(x, df = 2),
5 dt(x, df = 5),
6 dt(x, df = 100))
7 matplot(x,pdf, type = " l " )
8 title ("Student’s t−distributions")
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t Table

P (T3 > 4.541) = 0.01 ⇐⇒ t0.01,3 = 4.541

1 > 1−pt(4.541, df =3)
2 [1] 0.009998238

1 > alpha = 0.01
2 > qt(1−alpha, df = 3)
3 [1] 4.540703
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Thm 5. Let Y1, · · · ,Yn be a random sample from N(µ, σ2). Then

Tn−1 =
Y − µ
S/
√

n
∼ Student’s t of degree n − 1.

Proof.

Y − µ
S/
√

n
=

Y − µ
σ/
√

n√
(n − 1)S2

σ2(n − 1)

Y − µ
σ/
√

n
∼ N(0, 1) ⊥ (n − 1)S2

σ2 ∼ Chi Square(n − 1)

By Def. 2 ... �
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As n→∞, Students’ t distribution will converge to N(0, 1):

Thm 6. fTn (x)→ fZ (x) =
1√
2π

e−
x2
2 as n→∞, where Z ∼ N(0, 1).

Proof By Stirling’s formula:

Γ(z) =

√
2π
z

(z
e

)z
(1 + O(1/z)) as z →∞

=⇒ lim
n→∞

Γ
( n+1

2

)
√

nπ Γ
( n

2

) =
1√
2π

...... �
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