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§ 10.1 Introduction

Statistics is the grammar of science.

(Karl Pearson)

izquotes.com

1. Karl Pearson, 1857 — 1936.

. English mathematician and biostatistician.

3. He has been credited with establishing the discipline of mathematical

statistics

. Method of moments; p-Value; Chi-square test; Foundations of statistical
hypothesis testing theory; principle component analysis ...



Pearson’s chi-squared test
in one shot

s (Observed — Expected)?

x = Expected ~ Chi Square of df

df = numer of classes — number of estimated parameters — 1

All expected > 5



Chapter 10. Goodness-of-fit Tests

§ 10.2 The Multinomial Distribution



§ 10.2 The Multinomial Distribution

Def. Suppose one does an experiment of extracting n balls of t different
colors from a jar, replacing the extracted ball after each draw. Balls from
the same color are equivalent. Denote the variable which is the number
of extracted balls of color i (i = 1, ..., t) as X;, and denote as p; the
probability that a given extraction will be in color i. The probability
distribution function of the vector (Xj, - - - , X;) is called the multinomial
distribution, which is equal to

Px1,-4-,x,(k1,"’ ,k[) :P(X1 :/(1,'-- ,X[:k[)

_ n Kkt
B (kh"' ,kt>p1 P

where ki € {0,1,--- ,n},1<i<t, > ki=nandp; + - +p = 1.



Properties of multinomial distribution

Thm Suppose (Xi, - -, X;) follows the multinomial distribution with
parameters (p1,--- ,pt) with p; > 0and >, p; = 1. Then

1. X; ~Binomail(n, p;) and hence
E[Xi] = npi
Var(Xi) = npi(1 — pi)

2. Cov(Xi, Xj) = —npip;, I #J. (negative correlated)

3. My, x(s1,-+,8t) = (P16 + -+ + pre™)"



Proof

(3)

MX%"' ,X[(S1 yo 731) =E [ex‘sﬁ‘"“ﬁsf]

n
n i Kt (X184 +Xi8t
= Pl ... plte
S ()

Ky oo k=0
Ki+---+ki=n

n

n
= 2 (k1 kr)(mes‘)k‘m(ptesf)kr
0 ’ ’

ki k=
Ky+---+ki=n

(pre® + -+ pe™)"

(1) To find My, (s;), we simply set s; = 0 for j # i. Hence

MX/(SI) = (,01 + -+ Pimt + Piy1 + -+ Pt +pies,-)n — )(, N Bmomlal(pl)

=1-p;




(2) Set M := My, ... x,(81,---,8t). Thenfor i # j,

8M n—1 .
6731 :n(p1es1 +...+plesf) pl.esl
82M n—2 : :
9595 = n(n—1) (p1€” +---+ pe™)" " pie’pe’
3
_ 2M . n—2 _ 1
E[XiXj] = 908, N =n(n—=1)(p1+---+pt)" “pip; = n(n—1)pip;
N3

Cov(X;, Xj) = E[XiX]] — E[X]E[X]
= n(n—1)pip; — np; x np;
= —Npip;



From a continuous pdf to a multinomial distribution:

E.g. Let Y; be a random sample of size n from fy(y) = 6y(1 — y), y € [0,1].
Define

Y; € [0,0.25)

Y; € [0.25,0.5)

Y; € [0.5,0.75)

Y; €[0.75,1)

Find the distribution of (Xi,--- , Xy).

)(i:

A O NN =

Sol. ...



Probability density

@
0 0.25 0.50 0.75 1.00

" ) Py Ty

Remark In this way, we transform the outcomes, any values between [0, 1], into
categorical data. This chapter is about

Analysis of Categorical Data
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§ 10.3 Goodness-of-Fit Tests: All Parameters Known

Rationale
I We want to test if the c.d.f. Fy(-) is given by the true c.d.f. Fo(-), i.e.,

Ho: Fy(y) = Fo(y) v.s. Hi:Fy(y) # Fo(y)

~ By properly partitioning the domain, the random sample follow an
induced multinomial distribution.

— Then testing Fy(:) = Fo(:) reduces to testing the induced multinomial
distribution of the following form:

Ho:pi=pi,---,pn=pn
V.s.

Hi : p;i # p; for at least one i



How

1. Suppose we are sampling from the c.d.f. F(y)

Divide the range of the distribution into kK mutually exclusive and
exhausive intervals, say /i, -- -, k.

Letmi=P(X€l),i=1,--- k.

Let Oy, -, Ok be the respective observed numbers of the observations
Xi,--,Xpintheintervals I, --- | k.
. Then O = (Ox, - -+, Ok) ~ multinomial distribution with (71, - - - , m), i.e.,
P(O1=O1,---,Ok20k) H7TO’
1 o i3

Wlth 2?21 T = 11 Zﬁ(:1 o = n, and
E[O] = nm =: &, Var(O) = nm(1 — 7))



6. When k = 2, by CLT, as n — oo,

_ _ 2
O —mm__ d no,1) — ©Oi=Mm) o 2

nmyi(1 —m) nmy(1 —mq)

(01 — I77T1)2 + (02 — I77T2)2

nmq nmo

(01 — &) L (O e2)?
e eo

Hence,

k 2
(Oi—e) a »
—— 7 Xk—1

— €i

i=1



7. For general k,

Z (O, — nm)? zk: - e,

i=1

follows a complicated, but exact, distribution, from which, one can show

k 2
O —e
E 7( I ) —>d X;2<71
€

i=1

Thm.

O — e 2 appr.
( i I) PPl X2

k—1-

k
D=

i=1

For approximation accuracy, one should require that nx; > 5 for all i.

Rmk: The above is called Pearson’s chi-square test. It is asymptotically
equivalent to the generalized likelihood ratio test.



Alternative: G-test
— the likelihood ration test for multinomial model

1. Under Hy : mi=pi, i =1,--- , k, the MLE of =; are

. npi € ,
L
2. When there are no constraints, fori=1,--- k-1,
%InL(m,~~~,7Tk,1|01,~~~,0k):0, 1<i<k-1
i
g
9 _ % 1<i<k-—1
Tl =T = = T
g
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A:=In (L(%h 7%k—1|o17"

k  ~o;
) ,Ok)> — IOg HI’*1 7T;J
L(71, - Tk—1]01, -+, 0k)

= E oiln (Q)
. O;
i=1
Critical region: A € (0, A\.).

Def.

Kk k
. B ' e , 0j
Gi=-2\=-23 oiln (5) 2> oiln (g)
i=1 i=1

G PR 2_, for large n.

Critical region: G > G. = xf,a,kq-

21



Relation G-test and Pearson’s Chi square test

By second order Taylor expanson around 1,
k .

N . hdl

G= ZZo,In (O,-)
—22 o; [( '

-, Pearson’s Chi-square test is an approximation of Pearson’s x? test.

Pl



E.g. 1 Benford’s law:

Table 10.3.1 Initial digits
Digit, i log,,(i + 1) —log,,(i) Digit Observed, k;

1 0.301 é 1(1)(1)
2 0.176 2 60
3 0.125 ) 2
4 0.097 s %
5 0.079 6 22
6 0.067 ; ill)
7 0.058
8 0.051 ? 20
9 0.046 355

Use this law to check whether the bookkeepers have made up entries.

Assume that bookkeepers are not aware of Benford’s law.



Sol. The test should be

Ho:p1 :p107”' 7p9:p90
v.s.
Hy : pi # pio foratleastonei=1,---,9.

Table 10.3.2
Digit Observed, k; Benford p;,, Expected (=355-p;,) (ki —355p;,)%/355p,,
1 111 0.301 106.9 0.16
2 60 0.176 62.5 0.10
3 46 0.125 44.4 0.06
4 29 0.097 34.4 0.86
5 26 0.079 28.0 0.15
6 22 0.067 23.8 0.13
7 21 0.058 20.6 0.01
8 20 0.051 18.1 0.20
9 20 0.046 16.3 0.82
355 1.000 355.0 2.49

Critical region: (x%s g, o0) = (15.507,c0).
Conclusion: Fail to reject.
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E.g. 2 Test for randomness

Is the following sample of size 40 from fy(y) = 6y(1 — y), y € [0,1]?

Table 10.3.4

0.18 006 027 058 098
055 024 058 097 036
048 011 0359 015 053
029 046 021 039 089
034 009 064 052 0.64
071 056 048 044 040
0.80 0.83 0.02 0.10 0.51
043 014 074 075 022




Sol. Test continuous pdf — reduce to a set of classes:

0 025 0.50 075

Table 10.3.5
Class Observed Frequency, k; P,  40p;,
0<y<020 8 0.104 4.16
0.20=y <040 8 0248 992
0.40<y<0.60 14 0296 11.84
0.60<y<0.80 5 0248 992
0.80<y<1.00 5 0.104 4.16

Table 10.3.6
Class Observed Frequency, k; P, 40p;,
0<y<040 16 0352 14.08
0.40 <y <0.60 14 0296 11.84
0.60 <y <1.00 10 0352 14.08

d=---=184

Critical region: (x%s 2, 00) = (5.992, c0).
Conclusion: Fail to reject.
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E.g. 3 Fisher’s suspicion on Mendel's experiments on 1866:

Table 10.3.7

Phenotype Obs. Freq. Mendel’s Model Exp. Freq.
(round, yellow) 315 9/16 312.75
(round, green) 108 3/16 104.25
(angular, yellow) 101 3/16 104.25
(angular, green) 32 1/16 34.75

d=..=047

P-value = P(x5 < 0.47) = 0.0746.



© 0N DO AW =

> # Case Study 10.3.3

> x=seq(0,10,0.1)

> plot (x,dchisq(x,3),type = "1")
> abline(v=0.47,col = "gray60")
> text (0.47,0,"0.47")

> title ("Chi Square distribution
+ of freedom 3")

> pchisq(0.47,3)

[1] 0.07456892

dehisq(x, 3)

0.05 0.10 0.15 0.20 025

0.00

Chi Square distribution of freedom 3

o8




E.g.2

© © N DO AW =

A second look at the random generator in E.g. 2.

Does it fit the model too well? Find the P-value.

> # Example 10.3.1

> x=seq(0,10,0.1)

> plot (x,dchisq(x,2),type = "1")
> abline(v=1.84,col = "gray60")
> text(1.84,0,"1.84")

> title ("Chi Square distribution
+ of freedom 2")

> pchisq(1.84,2)

[1] 0.601481

dehisq(x, 2)

05

04

03

0.2

0.1

00

P-value = 0.601

Chi Square distribution
of freedom 2

1.84 -
T

=
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