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§ 11.1 Introduction
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§ 11.2 The Method of Least Squares

Goal: Find a blue line that minimizes
the sum of the square of the green lines
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Thm. Given n points (x1, y1), · · · , (xn, yn), the straight line y = a + bx
minimizing

L =
n∑

i=1

[yi − (a + bxi )]2

when

b =
n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n
(∑n

i=1 x2
i

)
−
(∑n

i=1 xi
)2

and

a =

∑n
i=1 yi − b

∑n
i=1 xi

n
= ȳ − bx̄ .

Proof. ...
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1. x̄ = 1
n

∑n
i=1 xi , ȳ = 1

n

∑n
i=1 yi

2. s2
X =

1
n

n∑
i=1

(xi − x̄)2 =
1
n

n∑
i=1

x2
i − x̄2 =

n
∑n

i=1 x2
i −

(∑n
i=1 xi

)2

n2

s2
Y =

1
n

n∑
i=1

(yi − ȳ)2 =
1
n

n∑
i=1

y2
i − ȳ2 =

n
∑n

i=1 y2
i −

(∑n
i=1 yi

)2

n2

3. sXY =
1
n

n∑
i=1

(xi − x̄) (yi − ȳ) =
1
n

n∑
i=1

xiyi − x̄ ȳ =

n
∑n

i=1 xiyi −
(∑n

i=1 xi
) (∑n

i=1 yi
)

n2

4. ρXY =
sXY

sX sY
=⇒ b = ρXY

sY

sX
=

sXY

s2
X
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E.g. 1 Producing air conditioners. x = rough weight of a rod. y = finished
weight. Find the best linear approximation of xy -relationship. Predict the
weight when x = 2.71
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Sol. ...

... �
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Def. Let a and b be the least squares coefficients with the sample
(x1, y1), · · · , (xn, yn).

ŷ = a + bx : predicted value of y

yi − ŷi = yi − (a + bxi ): ith residual

Rem. Use the resigual plots to assessing the model.
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E.g. 1’ Here are the residues and their plots:
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E.g. 2 Predict the Social Security expenditures.

Does the the least squares line y = −38.0 + 12.9x a good model to
predict the cost in 2010 would be $543, i.e., the case x = 45?

Sol.
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Exponential Regression

y = aebx ⇐⇒ ln y = ln a + bx

b =
n
∑n

i=1 xi ln yi −
(∑n

i=1 xi
) (∑n

i=1 ln yi
)

n
(∑n

i=1 x2
i

)
−
(∑n

i=1 xi
)2 ln a =

∑n
i=1 ln yi − b

∑n
i=1 xi

n
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E.g. Moore’s law:

Gordon Moore predicted in 1965 that the number of transistors per chip
would double every 18 months.

Based on the real data, check:

1) Whether is the chip capacity doubling at a fixed rate?

2) Find out the rate.

20



Sol. To check whether chip capacity doubles in a fixed rate, one needs to
carry out exponential regression:

=⇒ b = · · · = 0.342810, a = · · · = eln a = e8.89 = 7247.189.
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Finally, to find out the rate:

e0.343x = eln 2× 0.343
ln 2 x = 2

0.343
ln 2 x

0.343
ln 2

x = 1 =⇒ x =
ln 2

0.343
= 2.020837.

�
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Other curvilinear models
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§ 11.3 The Linear Model

Def. The function f (X ) for which

E
[
(Y − f (X ))2

]
is minimized is called the regression curve of Y on X .

Thm. Let (X ,Y ) be two random variables such that Var(X ) and Var(Y ) both
exist. Then the regression cure of Y on X is given (for all x) by

f (x) = E [Y |X = x ] .
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Proof. Let f (x) = E [Y |X = x ] and let φ(x) be a general function. Then

E
[
(Y − φ(X ))2

]
=E

[
([Y − f (X )] + [f (x)− φ(x)])2

]
=E

[
(Y − f (X ))2

]
+ E

[
(f (x)− φ(X ))2

]
+ E [(Y − f (X )) (f (x)− φ(X ))] .

Let ψ(x) be either f (x) or φ(x). We claim that

E [(Y − f (X ))ψ(X )] = 0.

Indeed,

E[Yψ(X )] =

∫∫
R2

fX ,Y (x , y)yψ(x)dydx

=

∫
R

dxψ(x)fX (x)

∫
R

dy
fX ,Y (x , y)

fx (x)
y︸ ︷︷ ︸

= E[Y |X = x ]

= E[f (X )ψ(X )].

Hence,

E
[
(Y − φ(X ))2

]
= E

[
(Y − f (X ))2

]
+ E

[
(f (x)− φ(X ))2

]
which is minimized when φ(x) = f (x). �
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Simple linear model

Difficulties: in general, the regression curve y = E[Y |x ] is very complex and
hard to find.

(Simple) linear model:
1. fY |x (y) is a normal pdf for any x given.

2. The standard deviation, σ, of Y |x is the same for all x , i.e.,

σ2 ≡ E[Y 2|x ]− E[Y |x ]2.

3. The mean of Y |x is collinear, i.e.,

y = E[Y |x ] = β0 + β1x .

4. All of the conditional distributions represnt independent random
variables.
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MLE for linear model

Thm. Let (x1,Y1), · · · , (xn,Yn) be a set of points satisfying the linear model,
E[Y |x ] = β0 + β1x . The maximum likelihood estimators for β0, β1 and σ2

are given by

β̂1 =
n
∑n

i=1 xiYi −
(∑n

i=1 xi
) (∑n

i=1 Yi
)

n
(∑n

i=1 x2
i

)
−
(∑n

i=1 xi
)2

β̂0 =

∑n
i=1 Yi − b

∑n
i=1 xi

n
= Ȳ − β̂1x̄ .

and

σ̂2 =
1
n

n∑
i=1

(
Yi − Ŷi

)2
, Ŷi = β̂0 + β̂1xi .

Proof. ...
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Properties of linear model estimators

1. β̂0 and β̂1 are both normally distributed.

2. β̂0 and β̂1 are unbiased: E[β̂0] = β0 and E[β̂1] = β1.

3. Variances are eqal to

Var(β̂1) =
σ2∑n

i=1(x − x̄)2

Var(β̂0) =
σ2∑n

i=1 x2
i

n
∑n

i=1(xi − x̄)2
= σ2

[
1
n

+
x̄2∑n

i=1(xi − x̄)2

]

4. β̂1, Y and σ̂2 are mutually independent. =⇒ Ŷi ⊥ σ̂2

5. nσ̂2

σ2 ∼ Chi Square with n − 2 degrees of freedom. =⇒ E[σ2] = n−2
n σ2

Proof. ...
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Estimating σ2

1. MLE:

σ̂2 =
1
n

n∑
i=1

(
Yi − Ŷi

)2
=

1
n

n∑
i=1

(
Yi − β̂0 − β̂1xi

)2
.

2. The unbiased estimator:

S2 =
n

n − 2
σ̂2 =

1
n − 2

n∑
i=1

(
Yi − β̂0 − β̂1xi

)2
.
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Notation

Parameter Estimator Estimate

β1 β̂1 β1e

β0 β̂0 β0e

σ S s

σ2 S2 s2

σ2 σ̂2 σ2
e

Y ȳ

Ŷi ŷi = β0e + β1exi
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Drawing inferences on β1

Thm. Tn−2 =
β̂1 − β1

S
/√∑n

i=1(xi − x̄)2

∼ Student t distribution with df = n − 2.

1. Hypothesis test H0 : β1 = β′1 vs. ....

2. C.I. for β1: β1e ± tα/2,n−2
s√∑n

i=1(xi−x̄)
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E.g. Does smoking contribute to coronary heat disease?

1) Test H0 : β1 = 0 v.s. H1 : β1 > 0 at α = 0.05.

2) Find C.I. for β1 with the same α.
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Sol.
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