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§ 5.6 Sulfficient Estimators

Rationale: Let § be an estimator to the unknown parameter §. Whether
does 6 contain all information about 67

Equivalently, how can one reduce the random sample of size n, denoted by
(X1,-++, Xn), to a function without lossing any information about 6?

E.g., let's choose the function h(X;, -+, Xn) := 1 3= | X;, the sample mean.
In many cases, h(Xi,--- , Xp) contains all relevant information about the true
mean E(X). In that case, h(Xi,-- -, X»), as an estimator, is sufficent.



Definition. Let (Xi,---, X,) be a random sample of size n from a discrete
population with a unknown parameter 6, of whhich 6 (resp. fe) be an
estimator (resp. estimate). We call 6 and 6. sufficient if

]P’(X1:k1,---,Xn:k,,

0= ee> = b(ky,- -, Kn) (Sufficency-1)

is a function that does not depend on 6.

In case for random sample (Yi,-- -, Ya) from the continuous population,
(Sufficency-1) should be

fY1,~~-A,Yn|§:99 (y1"" 7 /9\:99) = b(y17 ,yn)

Note: 6 = h(Xi,--- , Xn) and 6 = h(ki, - -- , kn).
ord=h(Yy, -, Yn) and 0e = h(y1,- -+, ¥n).



Equivalently,

Definition. ... §(or ) is sufficient if the likelihood function can be
factorized as:

n
pr(k,; 6) = g(fe,0) b(ki,--- , k) Discrete
L(#) = (Sufficency-2)

ny ¥i:0) = g(fe,0) b(y1,--- ,yn) Continous

where g is a function of two arguments only and b is a function that does not
depend on 6.



E.g. 1

. Arandom sample of size n from Bernoulli(p). p = >, X;. Check
sufficiency of p for p by (Sufficency-1):

Case l: If ki, , ks € {0,1} such that >°7 , ki # ¢, then
P(X1 :k1,~~~ 7Xn:kn|ﬁIC) =0.

Case ll: If ky,--- ,kn € {0,1} such that >"7 , ki = ¢, then
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In summary,

in) if ke {0,1}st. Y]  ki=c,

P(Xi=ki, - Xo=kn|P=c)=1(
(% 1 "=k |P=c) {O otherwise.

Hence, by (Sufficency-1), p = >"7_, X; is a sufficent estimator for p.



E.g. 1. Asin E.g. 1, check sufficiency of p for p by (Sufficency-2):
Notice that pe = >_1_, ki. Then

n n
L(p) = [ px(kiip) = [ P (1 =)' "
i=1 i=1
= p= (1 — )Tk
— ppe(1 _p)n—Pe
Therefore, pe (or p) is sufficent since (Sufficency-2) is satisfied with

g(p97p) = ppe(1 _p)nipe and b(k17' o ’kn) =1

Comment 1. The estimator p is sufficient but not unbiased since E(p) = np # p.

2. Any one-to-one function of a sufficient estimator is again a sufficent
estimator. E.g., P> := 1p, which is a unbiased, sufficent, and MVE.

3. ps := Xy is not sufficient!



E.g. 2. Poisson()\), px(k; A) = e *A¥/k!, k = 0,1, ---. Show that
A = (X0, X)? is sufficient for A for a sample of size n.

Sol: The Corresponding estimate is \e = (3", ki)?.

L\ = -

i=1

—1
n
— g M\ ki <H k,-!)
i=1
n —1
— e M\Ve x (H k,-!) .
i=1

| —
9(Xe,N) b(ky -+ kn)

e M \ki
k;!

Hence, \ is sufficent estimator for .



E.g. 3. Let Yy, -, Y, be a random sample from fy(y; 0) = 2—{ fory € [0, 6].
Whether is the MLE 8 = Ynax sufficent for 62

Sol: The corresponding estimate is 8¢ = Ymax-

n 2 B n n
Lo)=1] 0%//[0,91(}’:') =207 ([[v ] x [ hor()
i=1 i=1

i=1

n
= 2"9—2!7 (H yl> X I[()’g](}/max)

i=1
= 2”072n/[0’g](93) X Hy,
~——
=g(0e,0) =b(y1,-+,¥k)

Hence, g is a sufficent estimator for 6. O

Note: MME § = 2V is NOT sufficent for 6!
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§ 5.7 Consistency

Definition. An estimator 8, = h(W;,--- , W,) is said to be consistent if it
converges to 0 in probability, i.e., for any ¢ > 0,

lim P(|§n—9|<e) =1.

n— oo

Comment: In the e-§ language, the above convergence in probability says

Ve > 0, Vo > 0, 3n(e,0) > 0, s.t.Vn > n(e, ),

P(|§n—9|<e) >1-6.
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A useful tool to check convergence in probability is

Theorem. (Chebyshev’s inequality) Let W be any r.v. with finite mean p and
variance 2. Then forany e > 0

n

IP’(|W—,u|<e)Z1—U—

62 ’
or, equivalently,

2
B(W — | > ¢) <

o
e’

Proof. ... O
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As a consequence of Chebyshev’s inequality, we have

Proposition. The sample mean fi, = L 3°7 , W is consistent for E(W) = y,
provided that the population W has finite mean y and variance o2.

Proof.
2

E(fin) = p and Var(fin) = %.
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E.g. 1.

Let Y1,---, ¥, be a random sample of size n from the uniform pdf
fy(y;0) =1/0,y €0,0]. Let 0, = Ymax. We know that Y. is biased. Is
it consistent?

Sol. The c.d.f. of Yis equal to Fy(y) = y/0 for y € [0, 6]. Hence,

n—1

n— n
oY) = nFV()" " 1r(y) = 2=, y € 0.0

Therefore,

P(|0n— 0] <€) =P(0 — € < O < 0+ €)

0 n n—1 0+e
:/ gnw+/ 0dy
0—e 0

(%)

— 0 asn— co.
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E.g. 2. Suppose Y1, Yz, -, Y, is a random sample from the exponential pdf,
fr(y:X) = /\e**y, y > 0. Show that A, = Y; is not consistent for A.

Sol. To prove X is not consistent for A, we need only to find out one
e > 0 such that the following limit does not hold:

nIer;oP(|Xn—A|<e):1. ()
We can choose e = A\/m for any m > 1. Then

|Xn—/\\§i — (1—1)/\§Xn§(1+l)A
m m m
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Hence,

3\—*

(lAn—A|<i)sn>(an( )A)
12
oy

)

3\—‘

\2
<1.

Therefore, the limit in (1) cannot hold

o5
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