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§ 6.5 A Notion of Optimality: The Generalized Likelihood Ratio

Question:
> Vector parameter Scale parameter
» Composite-vs-composite test Simple-vs-composite test
Hy:0cwvsHy:0eQnwt Ho:0=00vs Hy : 6 # 6

E.g. Two normal populations N(ui, oi), i = 1,2. o; are known, u; unknown.

Ho:pqzuz and H1:;L1#,LL2.



v

v
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Let Yi,---, Y, be arandom sample of size n from fy(y; 61,--- ,0k)
Let Q be all possible values of the parameter vector (61, - , 6k)

Let w C Q be a subset of Q.

Test:
Hy:0ew vs Hi:0e€Q\w.

The generalized likelihood ratio, ), is defined as

L(6y,--- .0
P L CIMARLD

max  L(61,---,0k)
(81, ,0)€Q

A=



> Xe (0,1]:
A close to one — data are compatible with Hy — accept Hy
A close to zero — data are NOT compatible with Hy — reject Ho

> Generalized likelihood ratio test (GLRT): Use the following critical
region
C={\:2e(0,X]}

to reject Hy with either « or y* being determined through

a:IP’(O</\§)\*

Hy is true) .



Remarks:

1. Maximization over Q instead of Q \ w in denominator:
In practice, little effect on this change.

In theory, much easier/nicer: L(61,- - ,0x) is maximized over the whole
space (2 by the max. likelihood estimates: Q¢ := (fe,1,- -, fe k) € Q.

2. Suppose the maximization over w is achieved at we € w.

3. Hence:




Remarks;

4. For simple-vs-composite test, w = {wg} consists only one point:

_ L{wo)

A ()

5. Working with A is hard since fa(A|Hp) is hard to obtain.
If A'is a (monotonic) function of some r.v. W, whose pdf is known.
Suggesting testing procedure

Testbasedon A <= Test based on w.



E.g. 1 Let Yy,---, Y, be arandom sample of size n from the uniform pdf:
fv(y : 0) =1/6, y € [0,0]. Find the form of GLRT for

Ho:0=00 vs. Hi;:0<6 with given «.

Sol. 1) Simple null hypothesis test =

L(we) = L(00) = 05" T ] ho.001(3) = 0" ho.051(Ymax)-

i=1

2) MLE i Yinax =

L(Q2e) = L(Ymax) = Yr;alll[o,ymax](}/max) = ,Vn;ag(-



3) Hence,

- L(we) | VYmax "
A= Qe ~ ( 0o ) fo.60) (Yrmax)

that is, the test statistic is

A= (Ymax n/ Y,
= 90 [0,90]( max)-

4) o and critical value \*:

a=P0 <A< \|H is true)

Ymax " *
=P % h0,001(Ymax) < A

Ho is true)

=P (Y,,,ax < Go(A)'"

Hp is true)

A suggests the test statistic Yimax:

Test based on A\ <= Test based of ymax



5) Let’s find the pdf of Ymax. The cdf of Y is Fy(y; 60) = y /6, for
y € [0, 60]. Hence,

Frmax (V3 00) = NFy (y:00)" " fr(y;: 60)
n—1

= nyn , Y€ [0390]
00

6) Finally, by setting y* := 6,(\*)"/", we see that

a:P(YmaXSy*

y* nyn—1
| %

Hy is true)

7) Therefore, Hy is rejected if

n

Ymax < 90&1/ .



E.g. 2 Let Xi, -,

Sol.

parameter p.
Find a test statistic A for testing Hy : p = po versus H : p # po.

Since the null hypothesis is simple, we have that
L(we) = L(po) H(1 o) oo = (1 — o )nk "Ps,

which shows that k is a sufficient estimator.
On the other hand, the MLE for geometric distibution is 1/R. So

n

=1

L) = L1/k) =TT (1- ;) 1 (R;‘)"R”n.

i=1

Hence,

Finally, A = X(-po) \ ™" poX)".
X—1

Xn be a random sample from the geometric distribution with



Eg.3 LetYy, -

Sol.

parameter .
Find a test statistic V for testing Ho : A = Ao versus H; : A # Xo.

Since the null hypothesis is simple,

L(we) = L(Xo) = H/\oe Noti — AP0 X ¥
i=1

Let Z =737, Y; ~ Gamma(n, \), which is a sufficient estimator.

On the other hand, the MLE for Ais 1/y = n/z:
L(Qe) = L(1/y) = (n/2)"e™".

Hence,
_ L(We) n,—n —Xoz+n

Z"n""M\e
L(Qe)
Finally, V = Z”n*")\geﬂ\ozﬂ7 or V= Zle=*Z

, Yo be a random sample from the exponential distribution with



E.g. 4 Let Yq,---, Y, be arandom sample from N(u, 1).
Find a test statistic A for testing Ho : 1 = o versus H;

Sol. Since the null hypothesis is simple,

n

1 2
L(we) = L(uo) H R .
i=1

vV 271'
On the other hand, the MLE for p is y:

_=9?
L(Q06) = L(y H s

Hence,

o Moo ( : (yf—uo)2;<yf—y>2> . (7”(?-#0)

L(S2)

i—1

Finally, A = exp (72 (77 ﬂo)z) or V= Yore
’ 2 1/3/n

D F Ho-
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