| yry )( with Open Texts

LINEAR

ALGEBRA
with Applications

Emory University

Math 221

Linear Algebra
Sections 1 & 2

Lectured and adapted by

Le Chen
April 15, 2021

ADAPTABLE | ACCESSIBLE | AFFORDABLE

le.chen@emory.edu
Course page

http://math.emory.edu/~1lchendl/teaching/2021_Spring Math221

by W. Keith Nicholson


le.chen@emory.edu
http://math.emory.edu/~lchen41/teaching/2021_Spring_Math221




Contents

1 Systems of Linear Equations

1.1 Solutions and Elementary Operations . . . . . . . . . .. ... ... ... .. .... 6
1.2 Gaussian Elimination . . . . . . . . . ... 16
1.3 Homogeneous Equations . . . . . . . . ... 28
Supplementary Exercises for Chapter 1 . . . . . . . . . . .. ... ... ... ... 37
2 Matrix Algebra 39
2.1 Matrix Addition, Scalar Multiplication, and Transposition . . . . . .. .. ... .. 40
2.2 Matrix-Vector Multiplication . . . . . . . . . . . ... ... . 53
2.3 Matrix Multiplication . . . . . . . . .. .. 72
2.4 Matrix Inverses . . . . . . oL 91
2.5 Elementary Matrices . . . . . . . . .. 109
2.6 Linear Transformations . . . . . . . . . . . . . . .. e 119
2.7 LU-Factorization . . . . . . . . . . . . . 135
3 Determinants and Diagonalization 147
3.1 The Cofactor Expansion . . . . . . . . . ... .. 148
3.2 Determinants and Matrix Inverses . . . . . . . . . . . ... ... ... 163
3.3 Diagonalization and Eigenvalues . . . . . . . . . .. .. oo oo 178
Supplementary Exercises for Chapter 3 . . . . . . . . . ... ... L. 201
4 Vector Geometry 203
4.1 Vectors and Lines . . . . . . . . . .. 204
4.2 Projections and Planes . . . . . . . . ..o oL 223
4.3 More on the Cross Product . . . . . . . . .. ... 244
4.4 Linear Operators on R3 . . . . . . . . . 251
Supplementary Exercises for Chapter 4 . . . . . . . . . . . .. ... ... ... 260
5 Vector Space R” 263
5.1 Subspaces and Spanning . . . . . . . ... 264
5.2 Independence and Dimension . . . . . . . . . . ... .. oo 273
5.3 Orthogonality . . . . . . . . . . 287
54 Rank of a Matrix . . . . . . . . . e 297



e~

CONTENTS

5.5 Similarity and Diagonalization . . . . . . . . . . ... 0oL

Supplementary Exercises for Chapter 5 . . . . . . . . . . . ... oL

Vector Spaces

6.1 Examples and Basic Properties . . . . . . . .. ... .. o Lo
6.2 Subspaces and Spanning Sets . . . . . .. ...
6.3 Linear Independence and Dimension . . . . . . . . ... ... .. ... .......
6.4 Finite Dimensional Spaces . . . . . . . . . .. L

Supplementary Exercises for Chapter 6 . . . . . . . . . . . ... .. ... ...

Linear Transformations
7.1 Examples and Elementary Properties . . . . . . . . ... ... L oL
7.2 Kernel and Image of a Linear Transformation . . . . ... .. .. ... ... ....

7.3 Isomorphisms and Composition . . . . . . . . ... ..o

Orthogonality
8.1 Orthogonal Complements and Projections . . . . . . . ... ... .. ... .....
8.2 Orthogonal Diagonalization . . . . . . . . . . ... ... ... .. ... ...
8.3 Positive Definite Matrices . . . . . . . . . ..
8.4 QR-Factorization . . . . . . . . . . ..
8.5 Computing Eigenvalues . . . . . . . . . .. .
8.6 The Singular Value Decomposition . . . . . . . . ... ... ...
8.6.1 Singular Value Decompositions . . . . . . . .. ... ... ...
8.6.2 Fundamental Subspaces . . . . . .. ...
8.6.3 The Polar Decomposition of a Real Square Matrix . . . . . . . . . ... ...
8.6.4 The Pseudoinverse of a Matrix . . . . . . . . ... .. ... ... .......

321
322
333
342
354
364

365
366
374
385



5.3. Orthogonality = 287

5.3 Orthogonality

Length and orthogonality are basic concepts in geometry and, in R? and R3, they both can be
defined using the dot product. In this section we extend the dot product to vectors in R”, and so
endow R" with euclidean geometry. We then introduce the idea of an orthogonal basis—one of the
most useful concepts in linear algebra, and begin exploring some of its applications.

Dot Product, Length, and Distance

If x=(x1, x2, ..., xy) and y = (y1, Y2, ..., yu) are two n-tuples in R”, recall that their dot product
was defined in Section 2.2 as follows:

XY =X1y1 +X2Y2 + -+ X0 Vn

Observe that if x and y are written as columns then x-y = x’'y is a matrix product (and x-y = xy’
if they are written as rows). Here x-y is a 1 x 1 matrix, which we take to be a number.

Definition 5.6 Length in R”

As in R, the length ||x]|| of the vector is defined by

Il = V3R = 42

Where /() indicates the positive square root.

A vector x of length 1 is called a unit vector. If x # 0, then ||x|| # 0 and it follows easily that
mx is a unit vector (see Theorem 5.3.6 below), a fact that we shall use later.

Ifx= (1, -1, =3, )and y=(2, 1, 1, 0) in R* then x-y=2—1-3+0= —2 and
Ix|| = vVI+1+9+1=+/12 =2+/3. Hence ﬁgx is a unit vector; similarly \/léy is a unit

vector.

These definitions agree with those in R? and R3, and many properties carry over to R":

Theorem 5.3.1

Let x, y, and z denote vectors in R". Then:
1. xy=y-x.
2 x(y+z)=x-y+x-z.
3. (ax)-y=a(x-y) =x-(ay) for all scalars a.
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4. ||x||*> =x-x.
5. ||x|| >0, and ||x|| =0 if and only if x = 0.

6. |lax|| = |a|||x]|| for all scalars a.

Proof. (1), (2), and (3) follow from matrix arithmetic because x -y = x'y; (4) is clear from the
definition; and (6) is a routine verification since |a| = Va2, If x = (x1, x2, ..., X,), then ||x|| =

\/x%—i-x% +-+-+x2 so ||x|| = 0 if and only if x +x3 +---+x2 = 0. Since each x; is a real number this
happens if and only if x; = 0 for each i; that is, if and only if x = 0. This proves (5). ]

Because of Theorem 5.3.1, computations with dot products in R” are similar to those in R3. In
particular, the dot product

(x1+X2 4+ +Xnm) - (Y1 +y2+- + Vi)
equals the sum of mk terms, x; -y, one for each choice of i and j. For example:

(Bx —4y) - (7x+2y) =21(x-x) +6(x-y) —28(y-x) = 8(y - y)
=21|x|* —22(x-y) - 8]ly|?

holds for all vectors x and y.
Example 5.3.2

Show that ||x+y|*> = ||x||> +2(x-y) + ||y||> for any x and y in R".

Solution. Using Theorem 5.3.1 several times:

Ix+yll* = (x+y)- (x+y) =x-x+x-y+y-x+y-y
2 2
= [Ix[I"+2(x-y) + |yl

Example 5.3.3

Suppose that R" = span{fj, 5, ..., fi} for some vectors f;. If x-f; =0 for each i where x is
in R"”, show that x =0.

Solution. We show x = 0 by showing that ||x|| =0 and using (5) of Theorem 5.3.1. Since
the f; span R", write x = t;f] +tf5 + - - - + £}, where the t; are in R. Then

||X||2 =x-x=x-(tfj + 0+ +1f)
=tn(x-f))+0x-H)+-+n(x-f)
=11(0) +£2(0) + - - - +1,(0)
=0




5.3. Orthogonality = 289

We saw in Section 4.2 that if u and v are nonzero vectors in R3, then m = cos O where 0 is the

angle between u and v. Since |cos 8| <1 for any angle 6, this shows that |u-v| </|uf|||v||. In this
form the result holds in R”.

Theorem 5.3.2: Cauchy Inequality”
If x and y are vectors in R", then

|-yl < Ix][l]

Moreover |x-y| = ||x||||y| if and only if one of x and y is a multiple of the other.

Proof. The inequality holds if x =0 or y = 0 (in fact it is equality). Otherwise, write ||x||=a >0
and ||y|| = b > 0 for convenience. A computation like that preceding Example 5.3.2 gives

|bx — ay||* = 2ab(ab —x-y) and ||bx + ay||* = 2ab(ab+x-y) (5.1)

It follows that ab—x-y >0 and ab+x-y >0, and hence that —ab < x-y < ab. Hence |[x-y| <
ab = ||x|||]y]|, proving the Cauchy inequality.

If equality holds, then |x-y|=ab, so x-y =ab or x-y = —ab. Hence Equation 5.1 shows that

bx —ay =0 or bx+ay =0, so one of x and y is a multiple of the other (even if a =0 or b =0).
[]

The Cauchy inequality is equivalent to (x-y)? < ||x||?||y||*>. In R’ this becomes
(¥1y1 %292 4 x3y3 +Xaya 4 x5y5) < (6 03 03 x5 +23) 0 + 33+ Y3+ 55 +3)

for all x; and y; in R.

There is an important consequence of the Cauchy inequality. Given x and y in R"”, use Exam-
ple 5.3.2 and the fact that x-y <||x||||y|| to compute

2 2 2 2 2 2
[+ ylI7 = lIxll” +20¢-y) + [y 17 < [[x[]7 -+ 2[x [l {ly | + lly[]" = (x+yl)

Taking positive square roots gives:

Corollary 5.3.1: Triangle Inequality

If x and y are vectors in R", then || x+y| < | x|+ |yl

9 Augustin Louis Cauchy (1789-1857) was born in Paris and became a professor at the Ecole Polytechnique at the
age of 26. He was one of the great mathematicians, producing more than 700 papers, and is best remembered for his
work in analysis in which he established new standards of rigour and founded the theory of functions of a complex
variable. He was a devout Catholic with a long-term interest in charitable work, and he was a royalist, following
King Charles X into exile in Prague after he was deposed in 1830. Theorem 5.3.2 first appeared in his 1812 memoir
on determinants.
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The reason for the name comes from the observation that in R3 the
inequality asserts that the sum of the lengths of two sides of a triangle
v+ w is not less than the length of the third side. This is illustrated in the
diagram.

Definition 5.7 Distance in R”

If x and y are two vectors in R", we define the distance d(x, y) between x and y by

d(x, y) = ||x—y|

V-w The motivation again comes from R? as is clear in the diagram.
This distance function has all the intuitive properties of distance in
v R3, including another version of the triangle inequality.

Theorem 5.3.3

If x, y, and z are three vectors in R" we have:

1. d(x, y) >0 for all x and y.

QU X

. d(x, y)=d(y, x) for all x and y .

(
(x, y)=0if and only if x=y.
(
(

N W o

d(x, z) <d(x, y)+d(y, z)for all x, y, and z.  Triangle inequality.

Proof. (1) and (2) restate part (5) of Theorem 5.3.1 because d(x, y) = ||x —y]|, and (3) follows
because ||u|| = || —u| for every vector u in R". To prove (4) use the Corollary to Theorem 5.3.2:
d(x, z) =[x —z| = [[(x—y) + (y - 2)]
<=+ vy =2l =d(x, y) +d(y. 2)

Orthogonal Sets and the Expansion Theorem

Definition 5.8 Orthogonal and Orthonormal Sets

We say that two vectors x and y in R" are orthogonal if x-y =0, extending the
terminology in R (See Theorem 4.2.3). More generally, a set {x1, Xa, ..., Xz} of vectors in
R" is called an orthogonal set if

x;-xj=0foralli#j and x;# 0 for all i

Note that {x} is an orthogonal set if x # 0. A set {xi, X2, ..., X} of vectors in R" is called
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orthonormal if it is orthogonal and, in addition, each x; is a unit vector:

||xi|| =1 for each i.

Example 5.3.4

The standard basis {ej, ez, ..., €,} is an orthonormal set in R”.

The routine verification is left to the reader, as is the proof of:

If {xy, X2, ..., X¢} is orthogonal, so also is {a1x;, axx2, ..., axxi} for any nonzero scalars
aj.

If x # 0, it follows from item (6) of Theorem 5.3.1 that mx is a unit vector, that is it has
length 1.

Definition 5.9 Normalizing an Orthogonal Set

Hence if {x1, X2, ..., X} is an orthogonal set, then {ﬁxl, m;cz, Xi} Is an

’ ||X [
orthonormal set, and we say that it is the result of normalizing the orthogonal set

{Xl’ X2, 0, Xk}

Example 5.3.6

1 1 —1 —1
If f; = } , = (1) , 3= (1) ,and fy = _:; then {fl, f, f3, f4} is an
—1 2 0 1

orthogonal set in R* as is easily verified. After normalizing, the corresponding orthonormal
set is {%fl, \[fz, \[f3, fo4}

The most important result about orthogonality is Pythagoras’ theo-

V+w . . 3 .
rem. Given orthogonal vectors v and w in R” it asserts that
- 2 2 2
M [v+wll” = [[v["+[lwl
as in the diagram. In this form the result holds for any orthogonal set
in R".

10The reason for insisting that orthogonal sets consist of nonzero vectors is that we will be primarily concerned
with orthogonal bases.
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Theorem 5.3.4: Pythagoras’ Theorem

If {x1, X, ..., Xx} is an orthogonal set in R", then

361+ 32 4 -+ x| = [l [P+ floea® -+ el

Proof. The fact that x;-x; =0 whenever i # j gives
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= (Xl 'Xl—I—Xz'Xz—I--”—l-Xk-Xk)—FZX,"Xj
=
= [l [I* + Il + -+ [Ixl|* +0

This is what we wanted. ]

If v and w are orthogonal, nonzero vectors in R3, then they are certainly not parallel, and so
are linearly independent Example 5.2.7. The next theorem gives a far-reaching extension of this
observation.

‘ Every orthogonal set in R" is linearly independent. \

Proof. Let {x1, X2, ..., X} be an orthogonal set in R" and suppose a linear combination vanishes,
say: (X1 +6Xo+ - +1X = 0. Then

0=x;-0=x1-(1x1+h0X2+ - +1Xg)
=11(x1-x1) +12(x1 - X2) + - + 1 (X1 - Xp)
= 11> +12(0) +--- +1(0)
=i |?

Since [x1]|? # 0, this implies that ¢; = 0. Similarly #; = 0 for each i. []

Theorem 5.3.5 suggests considering orthogonal bases for R", that is orthogonal sets that span
R". These turn out to be the best bases in the sense that, when expanding a vector as a linear
combination of the basis vectors, there are explicit formulas for the coefficients.

Theorem 5.3.6: Expansion Theorem

Let {fi, 6, ..., £} be an orthogonal basis of a subspace U of R". If x is any vector in U,

we have
_ (xfi xb x-fyy
x= (et) i+ () £+ (el ) £

Proof. Since {f}, f5, ..., f,,} spans U, we have x = 1| +nf; + - - - +1,,f,, where the #; are scalars.
To find #; we take the dot product of both sides with fi:

x-fi = (tfi+ b+ +tufy) -
=t1(f1-f1) +r2(fa-£1) + -+t (f - £1)
= 11|[f1[|> +12(0) + - + 1 (0)
=1[Ify|?
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Similarly, t; = ﬁ for each i. ]

Since f] # 0, this gives ] = |f H

The expansion in Theorem 5.3.6 of x as a linear combination of the orthogonal basis {f}, f2, ..., f,}

is called the Fourier expansion of x, and the coefficients | = ‘2 are called the Fourier coeffi-

||f|
cients. Note that if {f}, f,, ..., f,} is actually orthonormal, then t; = x - f; for each i. We will have
a great deal more to say about this in Section ?7.

Example 5.3.7

Expand x = (a, b, ¢, d) as a linear combination of the orthogonal basis {f}, f,, f3, f4} of R4
given in Example 5.3.6.

Solution. We have fj = (1, 1, 1, —1), £, =(1, 0, 1, 2), f5=(—1, 0, 1, 0), and
fs = (-1, 3, —1, 1) so the Fourier coefficients are

h=reh=glatbtetrd) 5= x'ffz = 3(—a+c)

, = t(a+c+2d) 1y = Xk

H(—a+3b—c+d)

The reader can verify that indeed x = t1f] + ) + 135 +1414.

A natural question arises here: Does every subspace U of R" have an orthogonal basis? The
answer is “yes”; in fact, there is a systematic procedure, called the Gram-Schmidt algorithm, for
turning any basis of U into an orthogonal one. This leads to a definition of the projection onto a
subspace U that generalizes the projection along a vector used in R? and R3. All this is discussed
in Section 8.1.

Exercises for 5.3

We often write vectors in R” as row n-tuples. Exercise 5.3.2 In each case, show that the set of

Exercise 5.3.1 Obtain orthonormal bases of R? by ~vectors is orthogonal in R*.

normalizing the following. a {(1, =1, 2,5), (4 1, 1, —1), (-7, 28, 5, 5)}
a. {(1, 2), (0,2, 1), (5, 1, =2)} b. {(2, -1, 4,5), (0, —1, 1, —1), (0, 3, 2, —1)}
b. {(1, 1, 1), (4, 1, =5), (2, =3, 1)} Exercise 5.3.3 In each case, show that B is an

orthogonal basis of R? and use Theorem 5.3.6 to ex-
pand x = (a, b, ¢) as a linear combination of the
basis vectors.

a. B={(1, =1, 3), (=2, 1, 1), (4, 7. 1)}

L i L 411 L _g ' b. B={(1, 0, —1), (1, 4, 1), (2, -1, 2)}
R R N I c. B={(1,2,3), (-1, =1, 1), (5, —4, 1)}



d. B={(1, 1, 1), (1, =1, 0), (1, 1, —=2)}

a 1
b. b];(ac) 0| + w5la+ 4b +
c —1
1
¢) { 4 | +32a-b+2c)| —1
1
a 1
d |b| = Ya+b+o)| 1| + 3a-
c 1
1
b) { —1 | +¢a+b—-2¢)| 1
0 —2

Exercise 5.3.4 In each case, write x as a linear
combination of the orthogonal basis of the subspace
U.

a. x=(13, =20, 15); U = span {(1, =2, 3), (=1, 1,

b. x=(14, 1, -8, 3);
U=span{(2, —1, 0, 3), (2, 1, =2, —1)}

14 2 2
1 -1 1
b. g =3 0 +4 5
5 3 -1

Exercise 5.3.5 In each case, find all (a, b, ¢, d)
in R* such that the given set is orthogonal.

a. {(1, 2, 1, 0), (1, =1, 1, 3), (2, —1, 0, —1),
(a, b, ¢, d)}

b, {(1,0, =1, 1), (2, 1, 1, —1), (1, =3, 1, 0),
(a, b, c, d)}

10 in R
11
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Exercise 5.3.6 If |x||=3, |ly||=1, and x-y = -2,
compute:

a) [|3x —5yl|
c) B3x-y) (2y—x)

b) [12x+7y|
d) (x—2y)-(3x+5y)

b. v/29
d. 19
Exercise 5.3.7 In each case either show that the

statement is true or give an example showing that it
is false.

a. Every independent set in R" is orthogonal.

b. If {x, y} is an orthogonal set in R”", then
{x, x+y} is also orthogonal.

If {x, y} and {z, w} are both orthogonal in
R", then {x, y, z, w} is also orthogonal.

1)} C.

d. If {x;, x2} and {y,, y», y3} are both or-
thogonal and x;-y; =0 for all i and j, then
{xX1, X2, ¥1, ¥2, ¥3} is orthogonal.

e. If {xy, x3, ..., X} is orthogonal in R", then
R" = span{xy, X2, ..., Xu}.

f. If x # 0 in R”, then {x} is an orthogonal set.

b, F.x:[é]andyz[ﬂ.

d. T. Every x;-y; =0 by assumption, every
x;-x; =0 if i # j because the x; are orthogo-
nal, and every y;-y; =0 if i # j because the y;
are orthogonal. As all the vectors are nonzero,
this does it.

f. T. Every pair of distinct vectors in the set {x}
has dot product zero (there are no such pairs).

Exercise 5.3.8 Let v denote a nonzero vector in
R™.
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a. Show that P={x in R" | x-v =0} is a sub-
space of R”.

b. Show that Rv = {rv |7 in R} is a subspace of
R".

c. Describe P and Rv geometrically when n = 3.

Exercise 5.3.9 If A is an m x n matrix with or-
thonormal columns, show that ATA =1I,. [Hint: If
ci, C, ..., C, are the columns of A, show that col-
umn j of ATA has entries ¢;-cj, c2-¢cj, ..., ¢,-Cj].

Let ¢y, ..., ¢, be the columns of A. Then row i of AT
is ¢!, so the (i, j)-entry of ATAisclcj=c;-¢c; =0, 1
according as i # j, i=j. So ATA=1.
Exercise 5.3.10 Use the Cauchy inequality to
show that ,/xy < %()H—y) for all x>0 and y > 0. Here
/Xy and %(x +y) are called, respectively, the geomet-
ric mean and arithmetic mean of x and y. [Hint: Use
IESSIN]
X = and y = .
s Vi |

Exercise 5.3.11 Use the Cauchy inequality to
prove that:

a. ri+rtetm <n(r 43+ +r7) for all r;
inRand all n>1.

b. rin+rirn+rnr< r%+r§+r§ for all 1, rn, and
ry in R. [Hint: See part (a).]

b. Take n=3 in (a), expand, and simplify.

Exercise 5.3.12

a. Show that x and y are orthogonal in R” if and
only if [x+yl = lx—yl|.

b. Show that x+y and x —y are orthogonal in
R" if and only if ||x|| = ||y]|

b. We have (x+y)-(x—y) = ||x[|*— |ly||*>. Hence
(x+y)-(x—y)=0if and only if [|x[|* = [|y|]*;
if and only if ||x|| = ||y|—where we used the
fact that ||x|| >0 and ||y|| > 0.

Exercise 5.3.13

a. Show that ||x+yl|* = [|x|[*+ ||ly||* if and only
if x is orthogonal to y.

! and z = , show

! -2
1Yo 3
that [|x+y +z[* = [|x|* + ||y|]* + |[2]/* but
xy#0,x-2#0,and y-z #0.

b. Ifx:[

Exercise 5.3.14

a. Show that x-y = f[||x+y[|> =[x — y||*] for all
X, y in R".

b. Show that ||x||>+||y|]> = % [||X+YHZ+ ||X—Y||2]
for all x, y in R".

Exercise 5.3.15 If A is n xn, show that ev-
ery eigenvalue of ATA is nonnegative. [Hint:
Compute ||Ax||> where x is an eigenvector.]

If ATAx = Ax, then ||Ax||? = (Ax) - (Ax) = xTATAx =
X (Ax) = & |12

Exercise 5.3.16 If R” = span{xy, ..., X, } and
x-x; = 0 for all i, show that x =0. [Hint: Show
[x[| =0.]

Exercise 5.3.17 If R" = span{xj, ..., X, } and

x-x; =y-x; for all i, show that x =y. [Hint: Exer-
cise 5.3.16]

Exercise 5.3.18 Let {ey, ..., €,} be an orthogonal
basis of R". Given x and y in R", show that
(re)ye) . 4 (xed(y-en)

el lleal®

X-y=
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