7. Linear Transformations

If V .and W are vector spaces, a function 7 : V — W is a rule that assigns to each vector v in V a uniquely
determined vector 7(v) in W. As mentioned in Section 2.2, two functions S:V - W and T :V — W
are equal if S(v) = T(v) for every v in V. A function T : V — W is called a linear transformation if
T(v+vy)=T(v)+T(vy) forallv,viinV and T(rv) = rT(v) for all vin V and all scalars r. T(v) is
called the image of v under 7. We have already studied linear transformation 7 : R” — R"” and shown
(in Section 2.6) that they are all given by multiplication by a uniquely determined m X n matrix A; that
is T(x) = Ax for all x in R”. In the case of linear operators R> — R2, this yields an important way to
describe geometric functions such as rotations about the origin and reflections in a line through the origin.

In the present chapter we will describe linear transformations in general, introduce the kernel and
image of a linear transformation, and prove a useful result (called the dimension theorem) that relates the
dimensions of the kernel and image, and unifies and extends several earlier results. Finally we study the
notion of isomorphic vector spaces, that is, spaces that are identical except for notation, and relate this to
composition of transformations that was introduced in Section 2.3.

7.1 Examples and Elementary Properties

Definition 7.1 Linear Transformations of Vector Spaces

ItV and W are two vector spaces, a function T : V — W is called
a linear transformation if it satisfies the following axioms.

Ti. T(v+v))=T(v)+T(v;) forallvandv;inV.
T2. T(rv)=rT(v) forall vinV andr in R.

A linear transformation T : V — V is called a linear operator on V. The situation can be
visualized as in the diagram.

Axiom T1 is just the requirement that 7 preserves vector addition. It asserts that the result 7 (v + vy)
of adding v and v, first and then applying 7T is the same as applying T first to get 7(v) and 7'(v;) and
then adding. Similarly, axiom T2 means that 7" preserves scalar multiplication. Note that, even though the
additions in axiom T1 are both denoted by the same symbol +, the addition on the left forming v+ vy is
carried out in V, whereas the addition T(v) 4+ T(v;) is done in W. Similarly, the scalar multiplications rv
and rT(v) in axiom T2 refer to the spaces V and W, respectively.

We have already seen many examples of linear transformations 7" : R” — R™. In fact, writing vectors
in R” as columns, Theorem 2.6.2 shows that, for each such 7', there is an m X n matrix A such that
T(x) = Ax for every x in R". Moreover, the matrix A is given by A = [ T(e;) T(ex) --- T(e,) ]
where {e;, e, ..., e,} is the standard basis of R"”. We denote this transformation by Ty : R" — R™,
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defined by
Tx(x) =Ax forall xin R"

Example 7.1.1 lists three important linear transformations that will be referred to later. The verification
of axioms T1 and T2 is left to the reader.

Example 7.1.1

If V and W are vector spaces, the following are linear transformations:

Identity operator V — V ly:V—V where ly(v) =vforallvinV
Zero transformationV — W 0:V —W whereO(v) =0forall vinV
Scalar operator V — V a:V —V wherea(v)=avforallvinV

(Here a is any real number.)

The symbol 0 will be used to denote the zero transformation from V to W for any spaces V and W. It
was also used earlier to denote the zero function [a, b] — R.

The next example gives two important transformations of matrices. Recall that the trace tr A of an
n X n matrix A is the sum of the entries on the main diagonal.

Example 7.1.2

Show that the transposition and trace are linear transformations. More precisely,

R:M,, —M,,, where R(A) =AT for all A in M,,,
S: My, — R where S(A) = tr A for all A in M,

are both linear transformations.

Solution. Axioms T1 and T2 for transposition are (A + B)T = AT + BT and (rA)T = r(AT),
respectively (using Theorem 2.1.2). The verifications for the trace are left to the reader.

Example 7.1.3

If a is a scalar, define E, : P, — R by E,(p) = p(a) for each polynomial p in P,. Show that E, is a
linear transformation (called evaluation at a).

Solution. If p and g are polynomials and r is in R, we use the fact that the sum p + g and scalar
product rp are defined as for functions:

(P+q)(x)=p(x)+q(x) and (rp)(x)=rp(x)

for all x. Hence, for all p and g in P,, and all r in R:

E.(p+q)=(p+q)(a)=p(a)+q(a) = Ei(p) + Ea(q), and
Ey(rp) = (rp)(a) = rp(a) = rE4(p)-

Hence E, is a linear transformation.
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The next example involves some calculus.

Example 7.1.4

Show that the differentiation and integration operations on P,, are linear transformations. More
precisely,
D:P,—P, | where D[p(x)] = p(x) for all p(x) in P,
X
[:Py— P,y where I[p(x)] = / p(t)dt for all p(x) in P,
0

are linear transformations.

Solution. These restate the following fundamental properties of differentiation and integration.

[p(x) +q(x)) = p'(x) +4'(x) and  [rp(x))]' = (rp)'(x)

Jolp(@) +q(0)]dr = Jg p(t)di + [ q(t)dt and  [5rp(t)di =r [5 p(t)dt

The next theorem collects three useful properties of all linear transformations. They can be described
by saying that, in addition to preserving addition and scalar multiplication (these are the axioms), linear

transformations preserve the zero vector, negatives, and linear combinations.

Theorem 7.1.1

LetT :V — W be a linear transformation.

1. T(0)=0.
2. T(—v)=—-T(v) forallvinV.
3. T(nvi+rnva+--+nv) =rT(vi)+nT(v2)+---+nrT(v) forall v; inV and all r; in R.

Proof.

1. T(0) =T(0v) =07 (v) =0 forany vin V.

2. T(—v)=T[(-1)v]=(=1)T(v)=—T(v) forany vin V.
3. The proof of Theorem 2.6.1 goes through. 0

The ability to use the last part of Theorem 7.1.1 effectively is vital to obtaining the benefits of linear
transformations. Example 7.1.5 and Theorem 7.1.2 provide illustrations.

Let T : V — W be a linear transformation. If 7(v—3v;) = wand 7 (2v —v;) = wy, find 7(v) and

T(vy) in terms of w and w;.
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Solution. The given relations imply that

T(v)=3T(vi)=w
2T (v) =T (vy) = w

by Theorem 7.1.1. Subtracting twice the first from the second gives 7 (v;) = +(w; —2w). Then

substitution gives 7'(v) = +(3w; —w).

The full effect of property (3) in Theorem 7.1.1 is this: If 7 : V — W is a linear transformation and

T(v1), T(v2), ..., T(vy) are known, then T'(v) can be computed for every vector v in span {vy, v, ..., V,}.
In particular, if {vy, v2, ..., v,} spans V, then T(v) is determined for all v in V by the choice of
T(vy), T(v2), ..., T(vy). The next theorem states this somewhat differently. As for functions in gen-

eral, two linear transformations 7 : V — W and S : V — W are called equal (written 7" = §) if they have
the same action; that is, if 7(v) = S(v) forall vin V.

LetT:V — W and S : V — W be two linear transformations. Suppose that
V = span{vy, va, ..., W, }. If T(v;) = S(v;) for each i, then T = S.

Proof. If v is any vector in V = span{vy, Vo, ..., V,}, write v=a;v| +avy + - - - + a,v, where each q;
is in R. Since T'(v;) = S(v;) for each i, Theorem 7.1.1 gives

T(v)=T(ayvi+axvo+---+a,vy)
= alT(vl) —|—a2T(V2) +- - —I—anT(Vn)
= alS(Vl) +a25(vz) + - —|—anS(Vn)
=S(aivi+ayvo+---+a,vy)

=5(v)
Since v was arbitrary in V, this shows that T = S. Il
Example 7.1.6
LetV = span{vy, ..., v,}. Let T : V — W be a linear transformation. If 7'(v;) = --- =T (v,) =0,

show that 7' = 0, the zero transformation from V to W.

Solution. The zero transformation 0 : V — W is defined by 0(v) = 0 for all vin V (Example 7.1.1),
so T(v;) = 0(v;) holds for each i. Hence T = 0 by Theorem 7.1.2.

Theorem 7.1.2 can be expressed as follows: If we know what a linear transformation 7 : V. — W does
to each vector in a spanning set for V, then we know what T does to every vector in V. If the spanning set
is a basis, we can say much more.
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Theorem 7.1.3

LetV and W be vector spaces and let {b;, by, ..., b,} be a basis of V. Given any vectors

wi, W, ..., w, in W (they need not be distinct), there exists a unique linear transformation

T :V — W satistfying T (b;) = w; foreachi =1, 2, ..., n. In fact, the action of T is as follows:
Givenv=viby +vyby+---+v,b, inV, v; in R, then

T(v) =T (vibi+vaby+ -+ vyby) = viw) +vaWa + -+ + v, W,

Proof. If a transformation T does exist with T (b;) = w; for each i, and if S is any other such transformation,
then T'(b;) = w; = S(b;) holds for each i, so S = T by Theorem 7.1.2. Hence T is unique if it exists, and
it remains to show that there really is such a linear transformation. Given v in V, we must specify T (v) in
W. Because {by, ..., b,} is a basis of V, we have v=vb; +--- +v,b,, where vy, ..., v, are uniquely
determined by v (this is Theorem 6.3.1). Hence we may define 7 : V — W by

T(V) = T(Vlbl +vby 4 +ann) =VIW1 +VvowWr -4V, W,

for all v=v;b; +---+v,b, in V. This satisfies 7'(b;) = w; for each i; the verification that 7 is linear is
left to the reader. U

This theorem shows that linear transformations can be defined almost at will: Simply specify where
the basis vectors go, and the rest of the action is dictated by the linearity. Moreover, Theorem 7.1.2 shows
that deciding whether two linear transformations are equal comes down to determining whether they have

the same effect on the basis vectors. So, given a basis {by, ..., b, } of a vector space V, there is a different
linear transformation V. — W for every ordered selection wi, w», ..., W, of vectors in W (not necessarily
distinct).

Example 7.1.7

Find a linear transformation 7" : P> — Mpj, such that

zx1+xy={é 8], Tu+x%::[? é], i Tu+w%::{8 ?].

Solution. The set {1 +x, x+x2, 1 —|—x2} is a basis of P,, so every vector p =a+bx+cx?inP, isa
linear combination of these vectors. In fact

p(x)=1(a+b—c)(1+x) —|—%(—a—|—b—|—c)(x—i—x2) +1(a—b+c)(1 +x%)
Hence Theorem 7.1.3 gives

T@un=%m+b—@[é 8}+%@a+b+d{? é]+%w—b+d[8 ?]

[ at+b—c —a+b+c }

I
-

—a+b+c a—b+c
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Exercises for 7.1

Exercise 7.1.1 Show that each of the following func- e HT:-R2 > R2and T 1 } _ |1
tions is a linear transformation. 3 1|
2 2 o T[l]z[o},ﬁndT[_].
a. T:R* - R* T(x, y) = (x, —y) (reflection in the 1 1 3
X axis)

1 0
d IfT:R* - R?*and T = :
b. T:R3 =R} T(x,y, z) = (x, y, —z) (reflection in an [ -1 ] [ }

the x-y plane) T[l]:[l} ﬁndT[ 1]

c. T:C— C; T(z) =z (conjugation) : 0 ’
. e. fT:P,—Prand T(x+1)=x, T(x—1) =1,
d. T:M,,, — My; T(A) = PAQ, P a k x m matrix, T(x2) =0, find T(2 + 3x — 2).
Q an n x [ matrix, both fixed '
f. IfT:P,—>RandT(x+2)=1,T(1) =5,
e. T: My — M, T(A) =AT +A T(x*+x) =0, find T(2 —x+ 3x%).

f. T:P, >R, T[p(x)] = p(0)
Exercise 7.1.4 1In each case, find a linear transformation
g T:Py =R T(ro+rx+-+rx")=r, with the given properties and compute 7'(v).
h. T:R" - R; T(x) =x-z, z a fixed vector in R” a TR R:T(1,2) = (1,0, 1),
i T:P, =Py, Tpx)]=px+1) T(—1,0)=(0,1,1);v=(2, 1)
j. T . Rn — V, T(rl, Y rn) - rlel ++rnen b' T 'R2_>R37 T(2a _1) = (la _15 1)a
where {ey, ..., e,} is a fixed basis of V T(1,1)=(0,1,0);v=(-1,2)
k. T:V = R; T(rie; + -+ rye,) = r;, where c. T:Py =Py T =xT(x+1)=0,
{ey, ..., e,} is a fixed basis of V Tx—1)=x;v=x>+x+1
. T1 o0 0 1
Exercise 7.1.2 In each case, show that T is not a linear d. T:Mxp—R;T 0 o0l 3, T 1 0|~ -1,
transformation.
TlO :0:T00;v:ab
1 0 0 1 c d
a. T:My, >R;T(A) = detA
b. T :M,, — R; T(A) = rank A Exercise 7.1.5 If T :V — V is a linear transformation,

IR R T () — find T(v) and T (w) if:
c¢. T':R>R;T(x)=x

. T =v-2 d7T(2v—w)=2
d. T:V —=V; T(v)=v+uwhere u## 0 is a fixed a T(v+w)=v-2wand T(2v—w) =2v

vector in V (T is called the translation by u) b. T(v+2w)=3v—wand T(v—w) =2v—4w

Exercise 7.1.3 In each case, assume that 7 is a linear Exercise 7.1.6 If 7 :V — W is a linear transformation,
transformation. show that T(v—v;) = T(v) — T(v;) for all v and v; in
V.

Exercise 7.1.7 Let {e, e,} be the standard basis of R>.

Is it possible to have a linear transformation 7" such that

b. If T:V = Rand T(v;) =2, T(v;) = —3, find 7T(e1) lies in R while 7'(e,) lies in R?? Explain your an-
T(3V1 + 2V2). SWer.

a. If T:V —>Rand T(v)) =1, T(v2) = —1, find
T(3V1 —5V2).



Exercise 7.1.8 Let {vi, ..., v,} be a basis of V and let
T : V — V be a linear transformation.

a. If T(v;) = v, for each i, show that T = 1y.

b. If T(v;) = —v; for each i, show that T = —1 is the
scalar operator (see Example 7.1.1).

Exercise 7.1.9 If A is an m x n matrix, let Cx(A) denote
column k of A. Show that C; : M,;,,, — R™ is a linear
transformation foreach k=1, ..., n.

Exercise 7.1.10 Let {e;, ..., e,} be a basis of R".
Given k, 1 <k < n, define P, : R" — R" by

Pi(rie; + -+ rye,) = rrex. Show that Py a linear trans-
formation for each k.

Exercise 7.1.11 LetS:V —Wand T :V — W be linear
transformations. Given a in R, define functions
(S+T7):V—=Wand (aT) :V - W by (S+T)(v) =
S(V)+T(v) and (aT)(v) = aT(v) for all v in V. Show
that S+ T and aT are linear transformations.

Exercise 7.1.12
T:R—V.

Describe all linear transformations

Exercise 7.1.13 Let V and W be vector spaces, let V
be finite dimensional, and let v % 0 in V. Given any
w in W, show that there exists a linear transformation
T :V — W with T(v) = w. [Hint: Theorem 6.4.1 and
Theorem 7.1.3.]

Exercise 7.1.14 Given y in R", define Sy : R" — R by
Sy(x) = x-y for all x in R” (where - is the dot product
introduced in Section 5.3).

a. Show that Sy : R" — R is a linear transformation
for any y in R".

b. Show that every linear transformation 7" : R" — R
arises in this way; that is, 7 = Sy for some y in R".
[Hint: If {ey, ..., e,} is the standard basis of R”,
write Sy(e;) = y; for each i. Use Theorem 7.1.1.]

Exercise 7.1.15 Let T : V — W be a linear transforma-
tion.

a. If U is a subspace of V, show that
T(U)={T(u)|uin U} isasubspace of W (called
the image of U under T').
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b. If P is a subspace of W, show that
{vinV | T(v) in P} is a subspace of V (called the
preimage of P under T').

Exercise 7.1.16 Show that differentiation is the only lin-
ear transformation P, — P, that satisfies T (xX) = kx*~!
foreachk=0,1, 2, ..., n.

Exercise 7.1.17 LetT :V — W be a linear transforma-
tion and let vy, ..., v, denote vectors in V.

a. If {T(v1), ..., T(v,)} is linearly independent,
show that {vy, ..., v,} is also independent.

b. Find T : R?> — R? for which the converse of part
(a) is false.

Exercise 7.1.18 Suppose T : V — V is a linear operator
with the property that 7 [T(v)] = v for all v in V. (For
example, transposition in M, or conjugation in C.) If
v # 0in V, show that {v, T(v)} is linearly independent
if and only if T(v) # vand T(v) # —v.

Exercise 7.1.19 If a and b are real numbers, define
T, »:C— Cby T, p(r+si) = ra+ sbi for all r+si in C.

a. Show that T, , is linear and T, ,(z) = T, 5(z) for
all zin C. (Here 7 denotes the conjugate of z.)

b. If T:C — C s linear and T'(z) = T'(z) for all z in
C, show that T =T, , for some real a and b.

Exercise 7.1.20 Show that the following conditions are
equivalent for a linear transformation 7" : My, — Mp;.

1. tr [T(A)] = tr A for all A in M.
rorn } _

o) W 7)

r22B7; for matrices B;; such that

tr Bjj =1=tr By and tr Bj, =0 = tr By;.

2. T[ riiBir + ri2Bia + 1By +

Exercise 7.1.21 Given a in R, consider the evaluation
map E, : P, — R defined in Example 7.1.3.

a. Show that E, is a linear transformation satisfy-
ing the additional condition that E,(x*) = [E,(x)]*
holds for all k =0, 1, 2, ... [Note: x* =1.]

b. If T : P, — R is a linear transformation satisfying
T(x*) = [T(x)]* forall k=0, 1, 2, ..., show that
T = E, for some a in R.
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Exercise 7.1.22 If T : M,,, — R is any linear transfor-
mation satisfying T(AB) = T (BA) for all A and B in M,,,,,
show that there exists a number & such that T(A) =k tr A
for all A. (See Lemma 5.5.1.) [Hint: Let E;; denote the
n X n matrix with 1 in the (i, j) position and zeros else-

where.
B 0 ifk#l
Show that EyE;; = { E. ifkel"
show that T'(E;;) = 01if i # j and
T(E]l) = T(Ezz) = ... = T(Enn). Put k = T(E]l) and
use the fact that {E;; | 1 <i, j < n} is a basis of M,;,.]

Use this to

Exercise 7.1.23 Let 7T : C — C be a linear transforma-
tion of the real vector space C and assume that 7'(a) = a
for every real number a. Show that the following are
equivalent:

a. T(zw) =T (z)T(w) for all zand w in C.

b. Either T = ¢ or T(z) =z for each z in C (where
Z denotes the conjugate).

7.2 Kernel and Image of a Linear Transformation

This section is devoted to two important subspaces associated with a linear transformation 7 : V — W.

Definition 7.2 Kernel and Image of a Linear Transformation

The kernel of T (denoted ker T ) and the image of T (denoted im T or T (V)) are defined by

kerT={vinV |T(v) =0}
im7T ={T(v)|vinV}=T(V)

The kernel of T is often called the nullspace of T because it consists of all
T vectors v in V satisfying the condition that T(v) = 0. The image of T is

often called the range of 7 and consists of all vectors w in W of the form
w = T'(v) for some v in V. These subspaces are depicted in the diagrams.

Example 7.2.1

Let T4 : R" — R™ be the linear transformation induced by the

m X n matrix A, that is Ty (x) = Ax for all columns x in R”. Then
ker Ty = {x|Ax=0} = null A
imTy ={Ax|xinR"} = im A

and

Hence the following theorem extends Example 5.1.2.
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Theorem 7.2.1
LetT : V — W be a linear transformation.

1. ker T is a subspace of V.

2. im T is a subspace of W.

Proof. The fact that 7(0) = 0 shows that ker 7" and im 7 contain the zero vector of V and W respectively.

1. If vand vy lie in ker T, then T(v) =0 = T(v;), so
T(v+v))=TV)+T(vi))=0+0=0
T(rv)=rT(v)=r0=0 forallrinR

Hence v+ v, and rv lie in ker T (they satisfy the required condition), so ker 7 is a subspace of V
by the subspace test (Theorem 6.2.1).

2. If wand w; lie in im 7', write w = T'(v) and w; = T(v;) where v, v; € V. Then

wWH+w =T(V)+T(vi)=T(v+vy)
rw=rT(v)=T(rv) forall rin R

Hence w+ wj and rw both lie in im T (they have the required form), so im 7 is a subspace of W.
O

Given a linear transformation 7 : V — W:

dim (ker T') is called the nullity of 7 and denoted as nullity (7')
dim (im 7') is called the rank of 7 and denoted as rank (T)

The rank of a matrix A was defined earlier to be the dimension of col A, the column space of A. The two
usages of the word rank are consistent in the following sense. Recall the definition of 74 in Example 7.2.1.

Example 7.2.2

Given an m X n matrix A, show that im 74 = col A, so rank T4 = rank A.
Solution. Write A= [ ¢; -+ ¢, | in terms of its columns. Then
im Ty = {Ax |xin R"} = {xj¢; + - +x,¢, | x; in R}

using Definition 2.5. Hence im T} is the column space of A; the rest follows.

Often, a useful way to study a subspace of a vector space is to exhibit it as the kernel or image of a
linear transformation. Here is an example.
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Example 7.2.3

Define a transformation P : M, — M,,, by P(A) = A — AT for all A in M,,,,. Show that P is linear
and that:

a. ker P consists of all symmetric matrices.

b. im P consists of all skew-symmetric matrices.
Solution. The verification that P is linear is left to the reader. To prove part (a), note that a matrix
A lies in ker P just when 0 = P(A) = A — AT and this occurs if and only if A = AT —that is, A is

symmetric. Turning to part (b), the space im P consists of all matrices P(A), A in M,,,. Every such
matrix is skew-symmetric because

PAT =(A-ATYT =AT —A=—P(A)
On the other hand, if S is skew-symmetric (that is, ST = —8), then S lies in im P. In fact,

Plis]=1s—[ls]" = L(s—sT)=L(s+5)=S5

One-to-One and Onto Transformations

Definition 7.3 One-to-one and Onto Linear Transformations

LetT :V — W be a linear transformation.

1. T issaidtobeontoif i mT =W.

2. T is said to be one-to-one if T (v) = T(v;) implies v = vj.

A vector w in W is said to be hit by 7' if w = T'(v) for some v in V. Then T is onto if every vector in W
is hit at least once, and T is one-to-one if no element of W gets hit twice. Clearly the onto transformations
T are those for which im 7' = W is as large a subspace of W as possible. By contrast, Theorem 7.2.2
shows that the one-to-one transformations 7" are the ones with ker 7" as small a subspace of V as possible.

IfT :V — W is a linear transformation, then T is one-to-one if and only if ker T = {0}.

Proof. If T is one-to-one, let v be any vector in ker 7. Then 7 (v) =0, so T(v) = T(0). Hence v=0
because T is one-to-one. Hence ker 7 = {0}.

Conversely, assume that ker 7 = {0} and let T(v) = T(v;) with v and v; in V. Then
T(v—vy)=T(v)—T(v;) =0, so v—yvj lies in ker T = {0}. This means that v—v; =0, so v = vy,
proving that T is one-to-one. U
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Example 7.2.4

The identity transformation 1y : V — V is both one-to-one and onto for any vector space V.

Example 7.2.5

Consider the linear transformations

S:R3 = R? givenby S(x, y, 2) = (x+y, x—)
T:R>—=R> givenby T'(x, y) = (x+y, x—y, x)

Show that 7' is one-to-one but not onto, whereas .S is onto but not one-to-one.
Solution. The verification that they are linear is omitted. 7 is one-to-one because
ker T={(x, y) [x+y=x—y=x=0} ={(0, 0)}

However, it is not onto. For example (0, 0, 1) does not lie in im 7 because if

(0,0, 1) = (x+y, x—y, x) for some x and y, then x+y =0 = x —y and x = 1, an impossibility.
Turning to S, it is not one-to-one by Theorem 7.2.2 because (0, 0, 1) lies in ker S. But every
element (s, ¢) in R? lies in im S because (s, t) = (x+y, x—y) = S(x, y, z) for some x, y, and z (in

fact, x = 3(s+1),y = 3(s —t), and z = 0). Hence S is onto.

Example 7.2.6

Let U be an invertible m x m matrix and define
T:My, >M,, by T(X)=UX forall X in M,,,
Show that 7 is a linear transformation that is both one-to-one and onto.

Solution. The verification that 7 is linear is left to the reader. To see that 7' is one-to-one, let
T(X)=0. Then UX = 0, so left-multiplication by U ! gives X = 0. Hence ker T = {0}, so T is
one-to-one. Finally, if ¥ is any member of M,,,;,, then U ~1¥ lies in M, too, and
T(U~'Y)=U(U~'Y) =Y. This shows that T is onto.

The linear transformations R” — R™ all have the form T4 for some m x n matrix A (Theorem 2.6.2).
The next theorem gives conditions under which they are onto or one-to-one. Note the connection with
Theorem 5.4.3 and Theorem 5.4.4.
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Theorem 7.2.3

Let A be an m x n matrix, and let Ty : R" — R™ be the linear transformation induced by A, that is
Ty (x) = Ax for all columns x in R".

1. Ty is onto if and only if rank A = m.

2. Ty is one-to-one if and only if rank A = n.

Proof.

1. We have that im T4 is the column space of A (see Example 7.2.2), so Ty is onto if and only if the
column space of A is R™. Because the rank of A is the dimension of the column space, this holds if
and only if rank A = m.

2. ker Ty = {xin R" | Ax = 0}, so (using Theorem 7.2.2) T4 is one-to-one if and only if Ax = 0 implies
x = 0. This is equivalent to rank A = n by Theorem 5.4.3. O

The Dimension Theorem

Let A denote an m x n matrix of rank r and let T4 : R” — R denote the corresponding matrix transfor-
mation given by Ty (x) = Ax for all columns x in R”". It follows from Example 7.2.1 and Example 7.2.2
that im 7y = col A, so dim(im 74) = dim(col A) = r. On the other hand Theorem 5.4.2 shows that
dim (ker 74 ) = dim (null A) = n — r. Combining these we see that

dim (im Ty ) + dim (ker T,) = n for every m X n matrix A
The main result of this section is a deep generalization of this observation.

Theorem 7.2.4: Dimension Theorem

LetT :V — W be any linear transformation and assume that ker T and im T are both finite
dimensional. ThenV is also finite dimensional and

dim V = dim (ker T') 4+ dim (im T')

In other words, dim V = nullity (T') 4 rank (7).

Proof. Every vectorin im 7 = T'(V) has the form 7'(v) for some vin V. Hence let {T (e1), T (e2), ..., T(e,)}
be a basis of im T, where the e; lie in V. Let {f}, f5, ..., f;} be any basis of ker 7. Then dim (im 7) =r
and dim (ker T') = k, so it suffices to show that B={ey, ..., e, f|, ..., fy} isabasis of V.

1. Bspans V. If vliesin V, then T(v) lies in im V, so
T(v)=tT(e))+0T(e)+---+1,T(e) tinR

This implies that v—t,e; —t,e; —--- —1,€, lies in ker T and so is a linear combination of fy, ..., f;.
Hence v is a linear combination of the vectors in B.
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2. Bis linearly independent. Suppose that #; and s; in R satisfy
nei+---+ne.+sifi+---+5:fr =0 (7.1)

Applying T givest;T(e;)+---+1,T(e,) = 0 (because T (f;) = 0 for each 7). Hence the independence
of {T(ey), ..., T(e;)} yields t; = --- =1, = 0. But then (7.1) becomes

sifi+--+s £ =0

s0 51 = --- = 5y = 0 by the independence of {fj, ..., fi}. This proves that B is linearly independent.
(]

Note that the vector space V is not assumed to be finite dimensional in Theorem 7.2.4. In fact, verify-
ing that ker 7 and im 7T are both finite dimensional is often an important way to prove that V is finite
dimensional.

Note further that r + k = n in the proof so, after relabelling, we end up with a basis

B:{el’ €, ..., €, €41, ..., en}

of V with the property that {e,;1, ..., e,} is a basis of ker T and {T'(e;), ..., T(e,)} is a basis of im 7.

In fact, if V' is known in advance to be finite dimensional, then any basis {e,;1, ..., e,} of ker T can be
extended to a basis {ej, ey, ..., €., €41, ..., €,} of V by Theorem 6.4.1. Moreover, it turns out that, no
matter how this is done, the vectors {7'(e;), ..., T(e,)} will be a basis of im 7. This result is useful, and

we record it for reference. The proof is much like that of Theorem 7.2.4 and is left as Exercise 7.2.26.

LetT :V — W be a linear transformation, and let {ey, ..., €., €41, ..., €,} be a basis of V such
that {e,;1, ..., e,} is a basis of ker T. Then {T (e;), ..., T(e;)} is a basis of im T, and hence
r=rank T.

The dimension theorem is one of the most useful results in all of linear algebra. It shows that if
either dim (ker 7') or dim (im 7') can be found, then the other is automatically known. In many cases it is
easier to compute one than the other, so the theorem is a real asset. The rest of this section is devoted to
illustrations of this fact. The next example uses the dimension theorem to give a different proof of the first
part of Theorem 5.4.2.

Example 7.2.7

Let A be an m x n matrix of rank r. Show that the space null A of all solutions of the system
Ax = 0 of m homogeneous equations in n variables has dimension n —r.

Solution. The space in question is just ker Ty, where T4 : R” — R™ is defined by Ty (x) = Ax for
all columns x in R”. But dim (im 74) = rank 74 = rank A = r by Example 7.2.2, so
dim (ker 74 ) = n — r by the dimension theorem.
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Example 7.2.8

If T : V — W is a linear transformation where V is finite dimensional, then
dim(ker7) < dimV and dim(im7) < dimV

Indeed, dim V = dim (ker 7') 4+ dim (im 7') by Theorem 7.2.4. Of course, the first inequality also
follows because ker T is a subspace of V.

Example 7.2.9

Let D : P, — P,_ be the differentiation map defined by D [p(x)] = p’(x). Compute ker D and
hence conclude that D is onto.

Solution. Because p’(x) = 0 means p(x) is constant, we have dim (ker D) = 1. Since
dim P, = n+ 1, the dimension theorem gives

dim(im D) = (n+ 1) — dim (ker D) = n = dim (P,,_;)

This implies that im D = P,,_y, so D is onto.

Of course it is not difficult to verify directly that each polynomial ¢(x) in P, is the derivative of some
polynomial in P, (simply integrate g(x)!), so the dimension theorem is not needed in this case. However,
in some situations it is difficult to see directly that a linear transformation is onto, and the method used in
Example 7.2.9 may be by far the easiest way to prove it. Here is another illustration.

Example 7.2.10

Given a in R, the evaluation map E, : P, — R is given by E, [p(x)] = p(a). Show that E,, is linear
and onto, and hence conclude that {(x —a), (x—a)?, ..., (x—a)"} is a basis of ker E,, the
subspace of all polynomials p(x) for which p(a) = 0.

Solution. E, is linear by Example 7.1.3; the verification that it is onto is left to the reader. Hence
dim (im E,;) = dim (R) = 1, so dim (ker E,) = (n+ 1) — 1 = n by the dimension theorem. Now
each of the n polynomials (x —a), (x—a)?, ..., (x—a)" clearly lies in ker E,, and they are
linearly independent (they have distinct degrees). Hence they are a basis because dim (ker E,) = n.

We conclude by applying the dimension theorem to the rank of a matrix.

Example 7.2.11

If A is any m x n matrix, show that rank A = rank ATA = rank AAT

Solution. It suffices to show that rank A = rank AT A (the rest follows by replacing A with AT).
Write B = AT A, and consider the associated matrix transformations

TA:Rn—HRm and TB:Rn—HRn




7.2. Kernel and Image of a Linear Transformation = 389

The dimension theorem and Example 7.2.2 give

rank A = rank Ty = dim (im 73 ) = n — dim (ker T4 )
rank B = rank 7 = dim (im 7g) = n — dim (ker 7p)

so it suffices to show that ker 74 = ker 7g. Now Ax = 0 implies that Bx = ATAx =0, so ker Ty is
contained in ker Tz. On the other hand, if Bx = 0, then ATAx = 0, so

1Ax|?> = (Ax)T (Ax) = xTATAx =xT0 =0

This implies that Ax = 0, so ker Tp is contained in ker 7j.

Exercises for 7.2

Exercise 7.2.1 For each matrix A, find a basis for the h T:R'"=R;T(ri,r2y coos ) =r1+n+-+r
kernel and image of Ty, and find the rank and nullity of

Ty. i. T:Mpy — Mpy; T(X)=XA—AX, where
) ) Ao [ 0 1 }
1 2 -1 1 21 -1 3 10
a 3 1 0 2 b 1 0 31
- =3 20 - =42 j. T:Mp —Mp; T(X)=XA, where A = [ (1) (1) ]
1 -1 2 1 0
3 2 1 -1 3
c. d.
4 -1 5 1 2 3 Exercise 7.2.3 Let P:V — R and Q:V — R be lin-
| 0 2 =2 0 3 -6 ear transformations, where V is a vector space. Define

T:V —R2by T(v) = (P(v), Q(v)).
Exercise 7.2.2 In each case, (i) find a basis of ker T,

d (ii) find a basis of im T'. Y that 7T i ) ) .
and (ii) find a basis of im ou may assume that £ 15 a. Show that T is a linear transformation.

linear.
5 5 b. Show that ker T = ker PN ker Q, the set of vec-
a. T:P, > R% T(atbx+cx?)=(a, b) tors in both ker P and ker Q.
b. T:Py = R* T(p(x)) = (p(0), p(1))
Exercise 7.2.4 In each case, find a basis
. T3 3. ’
¢ T:R* = R4 T(x, 3, 2) = (x+y, 2+, 0) B={e, ..., e, €1, ..., e} of V such that
d T:R3 R4 T T(x, y,2) = (x, X v, ) {e-41, ..., €,} is a basis of ker T, and verify Theo-
rem 7.2.5.
o [2 ][ 0
a. T:R* - RY T(x, y,2) = (x—y+2z x+y—
z, 2x+z, 2y —32)
f. T:M22—>R;T[j H:aﬂl

b. T:R* = RY T(x, y, 2) = (x+y+z 2x—y+
g T:P, >R T(ro+rx+-+rx")=r, 3z, z— 3y, 3x+4z)
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Exercise 7.2.5 Show that every matrix X in M,,, has the
form X = AT — 2A for some matrix A in M,,,,. [Hint: The
dimension theorem.]

Exercise 7.2.6 In each case either prove the statement
or give an example in which it is false. Throughout, let
T :V — W be a linear transformation where V and W are
finite dimensional.

a. IfV=W,thenkerT CimT.

b. If dimV =5, dim W = 3, and dim (ker 7)) = 2,
then T is onto.

c. If dimV =5 and dim W =4, then ker T # {0}.
d. If ker T =V, then W = {0}.

e. If W ={0}, then ker T =V.

f. fW=V,and imT C ker T,then T =0.

g. If {e;, ey, e3} is a basis of V and
T(e;) =0=T(ey), then dim(im 7)) < 1.

h. If dim (ker 7) < dim W, then dim W > % dim V.
i. If T is one-to-one, then dim V < dim W.

j- If dim V < dim W, then T is one-to-one.

k. If T is onto, then dim V > dim W.

I. If dimV > dim W, then T is onto.

m. If {T(vy), ..., T(v)} is independent, then
{v1, ..., v} is independent.

n. If {vy, ..., v¢} spans V, then {T(vy), ..., T(vx)}
spans W.

Exercise 7.2.7 Show that linear independence is pre-
served by one-to-one transformations and that spanning
sets are preserved by onto transformations. More pre-
cisely, if T : V — W is a linear transformation, show that:

a. If T is one-to-one and {vy, ..., v, } is independent
in V, then {T(vy), ..., T(v,)} is independent in
w.

b. If T is onto and V = span{vy, ..., v,}, then

W = span{T(vy), ..., T(vy)}.

Exercise 7.2.8 Given {vy, ..., v,} in a vector space V,
define T:R" -V by T(ry, ..., ry) =r1Vi+--+1yVy.
Show that 7 is linear, and that:

a. T is one-to-one if and only if {v, ..., v, } is in-
dependent.

b. T is onto if and only if V = span{vy, ..., v, }.
Exercise 7.2.9 Let 7T :V — V be a linear transformation
where V is finite dimensional. Show that exactly one of
(i) and (ii) holds: (i) T(v) = 0 for some v # 0 in V; (ii)
T(x) = v has a solution x in V for every vin V.

Exercise 7.2.10 Let 7 : M,,, — R denote the trace map:
T(A) = tr A for all A in M,,,,. Show that
dim (ker T) = n®> — 1.

Exercise 7.2.11 Show that the following are equivalent
for a linear transformation 7 : V — W.

1. kerT =V
3.T=0

2. imT = {0}

Exercise 7.2.12 Let A and B be m x n and k X n matri-
ces, respectively. Assume that Ax = 0 implies Bx = 0 for
every n-column x. Show that rank A > rank B.

[Hint: Theorem 7.2.4.]

Exercise 7.2.13 Let A be an m X n matrix of rank r.
Thinking of R” as rows, define V = {x in R” | xA = 0}.
Show that dimV =m —r.

Exercise 7.2.14 Consider

c d
. . a b
a. Consider S: My, — R with § ¢ d =a+c—

b —d. Show that S is linear and onto and that V is
a subspace of Mp;. Compute dim V.

b. ConsiderT:V—)RwithT{i b] =a-+c.

d
Show that T is linear and onto, and use this in-
formation to compute dim (ker 7).

Exercise 7.2.15 Define 7 : P, — R by T [p(x)] = the
sum of all the coefficients of p(x).
show that

a. Use the dimension theorem to

dim (ker T') = n.
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b. Conclude that {x—1, x> — 1, ..., x" — 1} is a basis
of ker T.

Exercise 7.2.16 Use the dimension theorem to prove
Theorem 1.3.1: If A is an m X n matrix with m < n, the
system Ax = 0 of m homogeneous equations in n vari-
ables always has a nontrivial solution.

Exercise 7.2.17 Let B be an n X n matrix, and con-
sider the subspaces U = {A | Ain M,,,, AB = 0} and
V ={AB| A in M, }. Show that dim U 4 dim V = mn.

Exercise 7.2.18 Let U and V denote, respectively, the
spaces of even and odd polynomials in P,,. Show that
dmU + dimV =n+ 1. [Hint: Consider T : P, — P,
where T [p(x)] = p(x) — p(—x).]

Exercise 7.2.19 Show that every polynomial f(x) in
P, can be written as f(x) = p(x+ 1) — p(x) for some
polynomial p(x) in P,. [Hint: Define T : P, — P,_; by
Tp(x)] = plx+1)—p(x).]

Exercise 7.2.20 Let U and V denote the spaces of sym-
metric and skew-symmetric n X n matrices. Show that
dim U 4 dim V = n*.

Exercise 7.2.21 Assume that B in M,,, satisfies B = 0
for some k > 1. Show that every matrix in M,,, has
the form BA — A for some A in M,,,. [Hint: Show that
T :M,,, — M,,, is linear and one-to-one where

T(A) =BA—Aforeach A.]

Exercise 7.2.22 Fix a column y # 0 in R” and let
U={AinM,, | Ay = 0}. Show that dim U =n(n—1).

Exercise 7.2.23 If B in M, has rank r, let U = {A in
M,, | BA =0} and W = {BA | A in M,;,;}. Show that
dimU =n(n—r) and dim W = nr. [Hint: Show that U
consists of all matrices A whose columns are in the null
space of B. Use Example 7.2.7.]

Exercise 7.2.24 Let T : V — V be a linear transforma-
tion where dim V = n. If ker T Nim T = {0}, show that
every vector v in V can be written v = u+ w for some u
in ker T and w in im T'. [Hint: Choose bases B C ker T’
and D C im T, and use Exercise 6.3.33.]
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Exercise 7.2.25 Let 7 : R* — R" be a linear operator
of rank 1, where R” is written as rows. Show that there
exist numbers ai, as, ..., a, and by, by, ..., b, such that
T(X) = XA for all rows X in R", where

a1b1 a1b2 alb,,

axby  axby azb,

a,by a,b; anby
[Hint: im T =Rw for w = (by, ..., b,) in R".]

Exercise 7.2.26 Prove Theorem 7.2.5.

Exercise 7.2.27 LetT :V — R be a nonzero linear trans-
formation, where dim V = n. Show that there is a basis
{el,....,e,tof Vsothat T(rie;+rex+---+rye,) =ry.

Exercise 7.2.28 Let f # 0 be a fixed polynomial of de-
gree m > 1. If p is any polynomial, recall that

(pof)(x) = p[f(x)]. Define Ty : P, — Py by

Ty(p) = pof.

a. Show that 77 is linear.

b. Show that T is one-to-one.

Exercise 7.2.29 Let U be a subspace of a finite dimen-
sional vector space V.

a. Show that U = ker T for some linear operator
T:V—=V.

b. Show that U = im S for some linear operator
S:V — V. [Hint: Theorem 6.4.1 and Theo-
rem 7.1.3.]

Exercise 7.2.30 Let V and W be finite dimensional vec-
tor spaces.

a. Show that dim W < dim V if and only if there
exists an onto linear transformation 7 :V — W.
[Hint: Theorem 6.4.1 and Theorem 7.1.3.]

b. Show that dim W > dim V if and only if there ex-
ists a one-to-one linear transformation 7 : V — W.
[Hint: Theorem 6.4.1 and Theorem 7.1.3.]

Exercise 7.2.31 Let A and B be n X n matrices, and as-
sume that AXB =0, X € M,,,,, implies X = 0. Show that A
and B are both invertible. [Hint: Dimension Theorem.]
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7.3 Isomorphisms and Composition

Often two vector spaces can consist of quite different types of vectors but, on closer examination, turn out
to be the same underlying space displayed in different symbols. For example, consider the spaces

R?>={(a, b) |a, bR} and P, ={a+bx|a, beR}
Compare the addition and scalar multiplication in these spaces:

(a, b)+ (a1, b)) = (a+ay, b+by) (a+bx)+ (a1 +b1x) = (a+ay)+ (b+by)x
r(a, b) = (ra, rb) r(a+bx) = (ra)+ (rb)x

Clearly these are the same vector space expressed in different notation: if we change each (a, b) in R? to
a + bx, then R? becomes Py, complete with addition and scalar multiplication. This can be expressed by
noting that the map (a, b) — a + bx is a linear transformation R?> — P that is both one-to-one and onto.
In this form, we can describe the general situation.

Definition 7.4 Isomorphic Vector Spaces

A linear transformation T : V — W is called an isomorphism if it is both onto and one-to-one. The
vector spaces V and W are said to be isomorphic if there exists an isomorphism T : V — W, and
we write V = W when this is the case.

The identity transformation 1y : V — V is an isomorphism for any vector space V.

If 7 : My, — M, is defined by T'(A) = AT for all A in M,,,,, then T is an isomorphism (verify).
Hence M,,,;, = M,,,,..

Isomorphic spaces can “look™ quite different. For example, M, = P3 because the map

T :Mjp, — P3 givenby T { CCI

Z ] = a+ bx + cx? 4+ dx’ is an isomorphism (verify).

The word isomorphism comes from two Greek roots: iso, meaning “same,” and morphos, meaning
“form.” An isomorphism 7" : V — W induces a pairing

v T(v)
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between vectors v in V and vectors 7'(v) in W that preserves vector addition and scalar multiplication.
Hence, as far as their vector space properties are concerned, the spaces V and W are identical except
for notation. Because addition and scalar multiplication in either space are completely determined by the
same operations in the other space, all vector space properties of either space are completely determined
by those of the other.

One of the most important examples of isomorphic spaces was considered in Chapter 4. Let A denote
the set of all “arrows” with tail at the origin in space, and make A into a vector space using the paral-
lelogram law and the scalar multiple law (see Section 4.1). Then define a transformation 7 : R> — A by
taking

X
T | y | = the arrow v from the origin to the point P(x, y, z).
<

In Section 4.1 matrix addition and scalar multiplication were shown to correspond to the parallelogram
law and the scalar multiplication law for these arrows, so the map 7T is a linear transformation. Moreover T
is an isomorphism: it is one-to-one by Theorem 4.1.2, and it is onto because, given an arrow v in A with tip

X X
P(x, y, z),wehave T | y | =v. This justifies the identification v= | y | in Chapter 4 of the geometric
b4 b4

arrows with the algebraic matrices. This identification is very useful. The arrows give a “picture” of the
matrices and so bring geometric intuition into R?; the matrices are useful for detailed calculations and so
bring analytic precision into geometry. This is one of the best examples of the power of an isomorphism
to shed light on both spaces being considered.

The following theorem gives a very useful characterization of isomorphisms: They are the linear
transformations that preserve bases.

Theorem 7.3.1

IfV and W are finite dimensional spaces, the following conditions are equivalent for a linear
transformationT : V — W.

1. T is an isomorphism.
2. If{ey, e, ..., e,} is any basis of V, then {T (e;), T(e2), ..., T(e,)} is a basis of W.

3. There exists a basis {e|, e, ..., e,} of V such that {T (e;), T(ez), ..., T(e,)} is a basis of

w.
Proof. (1) = (2). Let {ey, ..., e,} be abasisof V. If 1;T(e;)+---+1,T(e,) = 0 with #; in R, then
T(te;+---+1,e,) =0, sotje; +---+1,e, = 0 (because ker 7 = {0}). But then each 7; = 0 by the
independence of the e;, so {T'(e;), ..., T(e,)} is independent. To show that it spans W, choose w in

W. Because T is onto, w = T(v) for some v in V, so write v =1re; +---+t,e,. Hence we obtain
w=T(v)=n1T(e;)+--+1,T(e,), proving that {T(e;), ..., T(e,)} spans W.

(2) = (3). This is because V has a basis.

3)= (1). If T(v) = 0, write v=v;e| + - - - + v e, where each v; is in R. Then

0=T(v)=vT(e;)+ - +v,T(e)
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sov; =---=v, =0by (3). Hence v=0, so ker T = {0} and T is one-to-one. To show that T is onto, let
w be any vector in W. By (3) there exist wy, ..., w, in R such that

Thus 7 is onto. 0

Theorem 7.3.1 dovetails nicely with Theorem 7.1.3 as follows. Let V and W be vector spaces of
dimension n, and suppose that {e;, e, ..., e,} and {f}, f5, ..., f,} are bases of V and W, respectively.
Theorem 7.1.3 asserts that there exists a linear transformation 7 : V — W such that

T(e))=f; foreachi=1,2,...,n

Then {T'(ey), ..., T(e,)} is evidently a basis of W, so T is an isomorphism by Theorem 7.3.1. Further-
more, the action of 7 is prescribed by

T(rlel—i—---—i-rnen) = r1f1+---+rnfn

so isomorphisms between spaces of equal dimension can be easily defined as soon as bases are known. In
particular, this shows that if two vector spaces V and W have the same dimension then they are isomorphic,
thatis V = W. This is half of the following theorem.

‘ ItV and W are finite dimensional vector spaces, then V = W if and only if dim V = dim W. \

Proof. It remains to show that if V = W then dim V = dim W. But if V = W, then there exists an isomor-
phism 7 :V — W. Since V is finite dimensional, let {ey, ..., e,} be abasis of V. Then {T'(e), ..., T'(e,)}
is a basis of W by Theorem 7.3.1, so dim W =n = dim V. Il

Corollary 7.3.1

LetU,V, and W denote vector spaces. Then:

1. V 2V for every vector space V.
2. IfV=W thenW £V,

3. fU=VandV 2ZW, thenU =W.

The proof is left to the reader. By virtue of these properties, the relation =2 is called an equivalence relation
on the class of finite dimensional vector spaces. Since dim (R") = n it follows that

Corollary 7.3.2

If'V is a vector space and dim V = n, then V is isomorphic to R".
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If V is a vector space of dimension n, note that there are important explicit isomorphisms V — R”.
Fix a basis B = {by, by, ..., b,} of V and write {e;, e, ..., e,} for the standard basis of R". By
Theorem 7.1.3 there is a unique linear transformation Cp : V. — R” given by

Vi

V2
Cg(vibi +wvaby +---+v,b,) =viej +ver+---+v,e, =

Vn

where each v; is in R. Moreover, Cg(b;) = e; for each i so Cp is an isomorphism by Theorem 7.3.1, called
the coordinate isomorphism corresponding to the basis B. These isomorphisms will play a central role
in Chapter 9.

The conclusion in the above corollary can be phrased as follows: As far as vector space properties
are concerned, every n-dimensional vector space V is essentially the same as R”; they are the “same”
vector space except for a change of symbols. This appears to make the process of abstraction seem less
important—just study R” and be done with it! But consider the different “feel” of the spaces Py and M3
even though they are both the “same” as R”: For example, vectors in Pg can have roots, while vectors in
M33 can be multiplied. So the merit in the abstraction process lies in identifying common properties of
the vector spaces in the various examples. This is important even for finite dimensional spaces. However,
the payoff from abstraction is much greater in the infinite dimensional case, particularly for spaces of
functions.

Example 7.3.4

Let V denote the space of all 2 x 2 symmetric matrices. Find an isomorphism 7 : P, — V such that
T (1) =1, where [ is the 2 x 2 identity matrix.

Solution. {1, x, x2} is a basis of P;, and we want a basis of V containing /. The set

I 0 01 00 .. . . . .
{[0 1], [1 0], {0 1}}1smdependent1nV,soﬁmabasmbecause dimV =3 (by

Example 6.3.11). Hence define T : P, — V by taking 7'(1) = { (1) (1) ], T(x)= { (1) (1) ],

T(x?) = 8 (1) } , and extending linearly as in Theorem 7.1.3. Then T is an isomorphism by

Theorem 7.3.1, and its action is given by

T(a+bx+cx*) = aT (1) 4 bT (x) +cT (x?) = { a b }

The dimension theorem (Theorem 7.2.4) gives the following useful fact about isomorphisms.

ItV and W have the same dimension n, a linear transformation T : V — W is an isomorphism if it
is either one-to-one or onto.
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Proof. The dimension theorem asserts that dim (ker 7') + dim (im 7') = n, so dim (ker 7) = 0 if and only
if dim (im 7') = n. Thus T is one-to-one if and only if 7 is onto, and the result follows. O

Composition

Suppose that 7 : V — W and S : W — U are linear transformations. They link together as in the diagram
s0, as in Section 2.3, it is possible to define a new function V. — U by first applying 7 and then S.

Definition 7.5 Composition of Linear Transformations

Given linear transformations V l> w i> U, the composite
T S ST :V — U of T and S is defined by

m ST(v)=S[T(v)] forallvinV

1% W U
The operation of forming the new function ST is called composition.'

The action of ST can be described compactly as follows: ST means first 7 then S.

Not all pairs of linear transformations can be composed. For example, if 7:V —W and S: W — U
are linear transformations then ST : V — U is defined, but TS cannot be formed unless U = V because
S:W —=UandT:V — W do not “link” in that order.?

Moreover, even if ST and T'S can both be formed, they may not be equal. In fact, if §: R” — R” and
T : R" — R™ are induced by matrices A and B respectively, then ST and 7S can both be formed (they are
induced by AB and BA respectively), but the matrix products AB and BA may not be equal (they may not
even be the same size). Here is another example.

Example 7.3.5

Deﬁne:S:M22—>M22andT:M22—>M22byS[(j Z = Z Z]andT(A):ATfor

A € My,. Describe the action of ST and T'S, and show that ST # T'S.

. a b| lac| |bd
Solutlon.ST{c d]_S[b d]_[a c],whereas

rslga)=rlon]=la )

It is clear that 7'S { Z b } need not equal ST { ('cl

d b],soTS#ST.

d

The next theorem collects some basic properties of the composition operation.

'In Section 2.3 we denoted the composite as S o T. However, it is more convenient to use the simpler notation S7.
2Actually, all that is requiredis U C V.
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Theorem 7.3.4: 3

T R ) )
LetV - W i> U — Z be linear transformations.

1. The composite ST is again a linear transformation.

2. TIV =T and 1wT =T.

3. (RS)T =R(ST).

Proof. The proofs of (1) and (2) are left as Exercise 7.3.25. To prove (3), observe that, for all vin V:
{(RS)T}(v) = (RS) [T (v)] = R{S[T(v)]} = R{(ST)(v)} = {R(ST) }(v)
O

Up to this point, composition seems to have no connection with isomorphisms. In fact, the two notions
are closely related.

Theorem 7.3.5

LetV and W be finite dimensional vector spaces. The following conditions are equivalent for a
linear transformationT : V — W.

1. T is an isomorphism.

2. There exists a linear transformation S : W — V such that ST = 1y and TS = ly.

Moreover, in this case S is also an isomorphism and is uniquely determined by T :

If win W is written as w=T(v), then S(w)=v.

Proof. (1) = (2). If B=1ey, ..., e,} is abasis of V, then D = {T'(e;), ..., T(e,)} is a basis of W by
Theorem 7.3.1. Hence (using Theorem 7.1.3), define a linear transformation S : W — V by

S[T(e;)] =e; foreachi (7.2)

Since e; = 1y (e;), this gives ST = 1y by Theorem 7.1.2. But applying T gives T [S[T (e;)]] = T (e;) for
each i, so TS = 1y (again by Theorem 7.1.2, using the basis D of W).

2)= ). If T(v) =T(vy),then S[T(v)] = S[T(v;)]. Because ST = ly by (2), this reads v = vy; that
is, T is one-to-one. Given w in W, the fact that 7S = 1y means that w = T [S(w)], so T is onto.

3Theorem 7.3.4 can be expressed by saying that vector spaces and linear transformations are an example of a category. In
general a category consists of certain objects and, for any two objects X and Y, a set mor (X, Y). The elements ¢ of mor (X, Y)
are called morphisms from X to Y and are written o : X — Y. It is assumed that identity morphisms and composition are defined
in such a way that Theorem 7.3.4 holds. Hence, in the category of vector spaces the objects are the vector spaces themselves and
the morphisms are the linear transformations. Another example is the category of metric spaces, in which the objects are sets
equipped with a distance function (called a metric), and the morphisms are continuous functions (with respect to the metric).
The category of sets and functions is a very basic example.
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Finally, § is uniquely determined by the condition S7° = 1y because this condition implies (7.2). S
is an isomorphism because it carries the basis D to B. As to the last assertion, given w in W, write
w=rT(e;)+---+r,T(e,). Then w=T(v), where v=rie; +---+r,e,. Then S(w) =vby (7.2). [

Given an isomorphism 7 : V — W, the unique isomorphism S : W — V satisfying condition (2) of
Theorem 7.3.5 is called the inverse of 7 and is denoted by 7—!. Hence T:V — W and T~! : W — V are
related by the fundamental identities:

T-'[T(v)]=vforallvinV and T [T_l(w)} =w forall win W

In other words, each of T and T~ reverses the action of the other. In particular, equation (7.2) in the proof
of Theorem 7.3.5 shows how to define 7! using the image of a basis under the isomorphism 7. Here is
an example.

Example 7.3.6

Define 7 : Py — Py by T (a+ bx) = (a — b) + ax. Show that T has an inverse, and find the action of
T

Solution. The transformation T is linear (verify). Because T(1) = 1 +x and T'(x) = —1, T carries
the basis B = {1, x} to the basis D = {1 +x, —1}. Hence T is an isomorphism, and 7! carries D
back to B, that is,

T-'14+x)=1 and T '(-1)=x

Because a +bx = b(1+x)+ (b—a)(—1), we obtain

T (a+bx) =bT ' (14x)+ (b—a)T~ ' (=1) = b+ (b—a)x

Sometimes the action of the inverse of a transformation is apparent.

Example 7.3.7

If B={by, by, ..., b, } is a basis of a vector space V, the coordinate transformation Cp : V — R"
is an isomorphism defined by

Cg(viby +vabo+---+v,b,) = (v, vo, ..., Vn)T

The way to reverse the action of Cg is clear: Cy LR S Vs given by

Cgl(vl, V2, vy Vy) =viby+vabo+ - +v,b, forallv;inV

Condition (2) in Theorem 7.3.5 characterizes the inverse of a linear transformation 7 : V. — W as the
(unique) transformation S : W — V that satisfies ST = 1y and T'S = 1w . This often determines the inverse.



7.3. Isomorphisms and Composition = 399

Example 7.3.8

Define 7 : R? — R3 by T'(x, v, z) = (z, x, ). Show that T3 = 13, and hence find T~ !.

Solution. T%(x, y, z) = T [T(x, ¥, 2)] = T (2, x, ¥) = (¥, 2, x). Hence

T(x, 3 2)=T[T*x, 5 2] =TH 2z x) = (x, y, 2)

Since this holds for all (x, y, z), it shows that 73 = Igs, s0 T(T?) = lgs = (T*)T. Thus T~' = T2
by (2) of Theorem 7.3.5.

Example 7.3.9

Define T : P, — R*"! by T(p) = (p(0), p(1), ..., p(n)) for all p in P,. Show that T~ ! exists.

Solution. The verification that T is linear is left to the reader. If 7 (p) = 0, then p(k) = 0 for
k=0, 1, ..., n,so p has n+ 1 distinct roots. Because p has degree at most 7, this implies that

p = 0 1s the zero polynomial (Theorem 6.5.4) and hence that 7" is one-to-one. But

dim P, = n+ 1 = dim R""!, so this means that T is also onto and hence is an isomorphism. Thus
T—! exists by Theorem 7.3.5. Note that we have not given a description of the action of 7!, we
have merely shown that such a description exists. To give it explicitly requires some ingenuity; one
method involves the Lagrange interpolation expansion (Theorem 6.5.3).

Exercises for 7.3

Exercise 7.3.1 Verify that each of the following is an h. T : My, — My T(A) = AT

isomorphism (Theorem 7.3.3 is useful).

a T:R3 R T(x,y,2)=(x+y, y+2z z+x) Exercise 7.3.2 Show that

b. T:R3 =R T(x,y,2) = (x, x+y, x+y+2) {a+bx+cx?, a; +bix+ci1x°, ay +byx + cx°}

c. T:C=CiT(z)=2 is a basis of P, if and only if

d. T : My — My T(X) = UXV, U and V invert- (% B> €)> (@1, brs 1) (a2, bz, ) }is a basis of R

ible

e. T:P; —R% Tp(x)] = [p(0), p(1)]

f. T:V =V, T(v)=kv, k#0 a fixed number, V
any vector space

a b

g. T:M22—>R4;T[ e d ] =(a+b,d, c,a—b)

Exercise 7.3.3 IfV is any vector space, let V" denote the
space of all n-tuples (v, va, ..., V,), where each v; lies
in V. (This is a vector space with component-wise oper-
ations; see Exercise 6.1.17.) If Cj(A) denotes the jth col-
umn of the m x n matrix A, show that 7' : M,,,, — (R™)"
is an isomorphism if
T(4) = [ Ci(A) Coa)
sists of columns.)

Cu(A) |. (Here R™ con-
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Exercise 7.3.4 In each case, compute the action of ST Exercise 7.3.7 In each case, show that T is self-inverse,

and T'S, and show that ST # TS.
a. §:R? — R? with S(x, y) = (y, x); T : R? —» R?
with T'(x, y) = (x, 0)

b. S:R3 — R3 with S(x, y, z) = (x, 0, 2);
R} > R3withT(x, y, 2) = (x+, 0, y+72)

T
c. S: Py — Py with S(p) = p(0) + p(1)x + p(2)x%;
T : Py — Py with T(a+bx +cx?) = b+ cx + ax?

a b| |a 0]
cd| |0 d])

el

Exercise 7.3.5 In each case, show that the linear trans-
formation 7T satisfies 7> =T.

d. S: My — My, with § |:

T : My — My, with T |:

a. T:R* = R%T(x, y,z, w)=(x, 0, z, 0)
b. T:R*> = R%; T(x,y) = (x+, 0)

c. T:Py)— Py,
T(a+bx+cx?) = (a+b—c)+cx+cx?

d. T:Mzz —)Mzz;
a b _1
el

Exercise 7.3.6 Determine whether each of the following
transformations 7" has an inverse and, if so, determine the
action of T~1.

atc b+d
at+c b+d

a. T:R>—>R3;
T(x,y,2)=(x+y, y+z z+x)

b. 7:R* - R4
T(x,y,2t)=(x+y, y+z z+t, t+x)

c. T Z_M22 —)_Mzz_;

T a b| | a-c b—d
¢ d]| | 2a—c 2b—d |
d. TZ_M22 —)_Mzz_; )
T a b | | a+2c b+2d
¢ d]| | 3c—a 3d—b |

e. T:Py R T(a+bx+cx?)=(a—c, 2b, a+c)

f. T:P, —R3 T(p)=[p(0), p(1), p(—1)]

thatis: 7-'=T.

a. T:R*=SRYT(x, y, 2z, w) = (x, —y, —z, w)

b. T:R?> = R? T(x, y) = (ky—x, y), k any fixed
number

c. T:P,—P,;T(px)=p3—x)
d. T:Mp — Mp; T(X) = AX where

. [5 -3
A_4L -5

Exercise 7.3.8 In each case, show that 7% = 1 and so
determine 7!

a. T:R* =S RYT(x, y, 2 w)=(—x, 2z, w, y)
b. T:R* =R T(x,y,z,w) = (—y, x—y, 2, —w)

Exercise 7.3.9 In each case, show that T is an isomor-
phism by defining 7! explicitly.

a. T:P,—P,isgivenby T [p(x)] = p(x+1).
b. T :M,, — M, is given by T(A) = UA where U
is invertible in M,,,,.
Exercise 7.3.10 Given linear transformations
viwiu:
a. If S and T are both one-to-one, show that ST is

one-to-one.

b. If S and T are both onto, show that ST is onto.

Exercise 7.3.11 Let7 :V — W be a linear transforma-
tion.

a. If T is one-to-one and TR = TR; for transforma-
tions R and R, : U — V, show that R = R;.

b. If T is onto and ST = ST for transformations S
and S; : W — U, show that S = §;.

Exercise 7.3.12 Consider the linear transformations
T R
V-W=U.

a. Show that ker T C ker RT.

b. Show that im RT C im R.



Exercise 7.3.13 LetV £> U i) W be linear transforma-
tions.

a. If ST is one-to-one, show that 7 is one-to-one and
that dmV < dim U.

b. If ST is onto, show that S is onto and that
dmW < dimU.

Exercise 7.3.14 LetT : V — V be a linear transforma-
tion. Show that T2 = 1y if and only if T is invertible and
T=T""

Exercise 7.3.15 Let N be a nilpotent n x n matrix (that
is, Nk = 0 for some k). Show that 7 : M, — M, is
an isomorphism if 7(X) = X — NX. [Hint: If X is in
ker T, show that X = NX = N2X = ---. Then use Theo-
rem 7.3.3.]

Exercise 7.3.16 Let T :V — W be a linear transforma-
tion, and let {ej, ..., e,, €,.1, ..., €,} be any basis of V
such that {e,;1, ..., €,} is a basis of ker 7. Show that
im T = span{ey, ..., e,}. [Hint: See Theorem 7.2.5.]

Exercise 7.3.17 Is every isomorphism T : My, — My,
given by an invertible matrix U such that 7 (X) = UX for
all X in My, ? Prove your answer.

Exercise 7.3.18 Let D, denote the space of all func-
tions f from {1, 2, ..., n} to R (see Exercise 6.3.35). If
T : D, — R" is defined by

show that 7" is an isomorphism.

Exercise 7.3.19

a. Let V be the vector space of Exercise 6.1.3. Find
an isomorphism 7 : V — R!.

b. Let V be the vector space of Exercise 6.1.4. Find
an isomorphism 7 : V — R,

Exercise 7.3.20 LetV 5 W 2 V be linear transforma-
tions such that ST = 1y. If dim V = dim W = n, show
that S=7"! and T = S~'. [Hint: Exercise 7.3.13 and
Theorem 7.3.3, Theorem 7.3.4, and Theorem 7.3.5.]

Exercise 7.3.21 LetV L> w i> V be functions such that
TS =1y and ST = 1y. If T is linear, show that S is also
linear.
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Exercise 7.3.22 Let A and B be matrices of size p X m
and n X g. Assume that mn = pq. Define R : M;,, — M,
by R(X) = AXB.

a. Show that M,,,, = M, by comparing dimensions.

b. Show that R is a linear transformation.

c. Show that if R is an isomorphism, then m = p
and n = g. [Hint: Show that T : M,,, — M,,
given by T(X) = AX and S : M, = M,,, given
by S(X) = XB are both one-to-one, and use the
dimension theorem.]

Exercise 7.3.23 Let T :V — V be a linear transforma-
tion such that 72 = 0 is the zero transformation.

a. If V # {0}, show that T cannot be invertible.

b. If R:V — V is defined by R(v) = v+ T(v) for all
v in V, show that R is linear and invertible.

Exercise 7.3.24 Let V consist of all sequences

[x0, X1, X2, ...) of numbers, and define vector operations
Xo» X1, -2 )+ Vo, Y15 ---) = [0+ Y0, X1 +y1, --.)
rlxo, x1, ...) = [rxo, rx1, ...)

a. Show that V is a vector space of infinite dimen-

sion.

b. Define 7 : V — V and S :V — V by
T[xo, x1, ...) = [x1, X2, ...) and
Slxo, x1, ...) = 1[0, xp, x1, ...). Show that

TS =1y, so TS is one-to-one and onto, but that T
is not one-to-one and S is not onto.

Exercise 7.3.25 Prove (1) and (2) of Theorem 7.3.4.

Exercise 7.3.26 Define T : P, — P, by
T(p) = p(x)+xp'(x) for all pinP,.

a. Show that T is linear.

b. Show that ker 7 = {0} and conclude that 7 is an
isomorphism. [Hint: Write p(x) =ap+ajx+---+
anx" and compare coefficients if p(x) = —xp/(x).]

c. Conclude that each ¢(x) in P, has the form
g(x) = p(x) +xp’(x) for some unique polynomial
p(x).

d. Does this remain valid if T is defined by
T[p(x)] = p(x) —xp'(x)? Explain.
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Exercise 7.3.27 LetT :V — W be a linear transforma- b. Show that imS = im 7" if and only if 7 = SR

tion, where V and W are finite dimensional. for some isomorphism R :V — V. [Hint: Show

that dim (ker S) = dim (ker 7') and choose bases

a. Show that T is one-to-one if and only if there {ef,....e, ...,etand {fy, .... £, ..., f,} of V

exists a linear transformation S : W — V with where {e,1, ..., ¢,} and {f;1, ..., f,} are bases

ST = ly. [Hint: If {ey, ..., e,} is a basis of of ker S and ker T, respectively. If 1 <i <r, show

V and T is one-to-one, show that W has a basis that S(e;) = T'(g;) for some g; in V, and prove that
{T(e1), ..., T(en), fut1, ..., £11} and use The- {g1, ..., & tt1, ..., £} isabasis of V]

orem 7.1.2 and Theorem 7.1.3.]

b. Show that T is onto if and only if there exists a Exercise 7.3.29 If T :V — V is a linear transformation
linear transformation S : W — V with TS = lyy. where dim V = n, show that TST = T for some isomor-

[Hint: Let {e|, ..., e, ..., e,} be a basis of phism S:V — V. [Hint: Let {ey, ..., €, €41, ..., €,}
V such that {e,,;, ..., €,} is a basis of ker 7. be as in Theorem 7.2.5. Extend {T'(ey), ..., T(e,)} to
Use Theorem 7.2.5. Theorem 7.1.2 and Theo- & basisof V, and use Theorem 7.3.1, Theorem 7.1.2 and
rem 7.1.3.] ’ Theorem 7.1.3.]

Exercise 7.3.30 Let A and B denote m X n matrices. In
Exercise 7.3.28 Let S and T be linear transformations each case show that (1) and (2) are equivalent.
V — W, where dimV =n and dim W = m.

a. (1) A and B have the same null space. (2) B= PA

a. Show that ker S = ker T if and only if 7 = RS for some invertible m X m matrix P.
for some isomorphism R : W — W. [Hint: Let
{ej, ..., e, ..., e,} be a basis of V such that b. (1) A and B have the same range. (2) B = AQ for
{€+1, ..., €,} is a basis of ker § = ker T. Use some invertible n x n matrix Q.
Theorem 7.2.5 to extend {S(e;), ..., S(e,)} and
{T(e1), ..., T(e,)} to bases of W.] [Hint: Use Exercise 7.3.28.]

7.4 A Theorem about Differential Equations

Differential equations are instrumental in solving a variety of problems throughout science, social science,
and engineering. In this brief section, we will see that the set of solutions of a linear differential equation
(with constant coefficients) is a vector space and we will calculate its dimension. The proof is pure linear
algebra, although the applications are primarily in analysis. However, a key result (Lemma 7.4.3 below)
can be applied much more widely.

We denote the derivative of a function f: R — R by f’, and f will be called differentiable if it can
be differentiated any number of times. If f is a differentiable function, the nth derivative f*) of f is the
result of differentiating n times. Thus f(0) = £, f(U = ¢/ @ = ¢/ “and in general f*t1) = 0/
for each n > 0. For small values of n these are often written as f, f/, f”, f"”, ....

If a, b, and ¢ are numbers, the differential equations

f"—af' —=bf=0 or f"—af'—bf'—cf=0
are said to be of second order and third-order, respectively. In general, an equation

fO =y fOV —ay o fUV = —ar fO —ag fY —ag fV =0, a;in R (7.3)
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is called a differential equation of order n. We want to describe all solutions of this equation. Of course
a knowledge of calculus is required.

The set F of all functions R — R is a vector space with operations as described in Example 6.1.7. If f
and g are differentiable, we have (f +g)' = f' + ¢’ and (af) = af’ for all a in R. With this it is a routine
matter to verify that the following set is a subspace of F:

D, ={f:R — R| f is differentiable and is a solution to (7.3)}

Our sole objective in this section is to prove

Theorem 7.4.1
The space D, has dimension n.

As will be clear later, the proof of Theorem 7.4.1 requires that we enlarge D,, somewhat and allow our
differentiable functions to take values in the set C of complex numbers. To do this, we must clarify what
it means for a function f : R — C to be differentiable. For each real number x write f(x) in terms of its
real and imaginary parts f,(x) and f;(x):

f(x) = fr(x) +ifi(x)

This produces new functions f, : R — R and f; : R — R, called the real and imaginary parts of f,
respectively. We say that f is differentiable if both f, and f; are differentiable (as real functions), and we
define the derivative f’ of f by

f=f+if] (7.4)
We refer to this frequently in what follows.*

With this, write Do, for the set of all differentiable complex valued functions f : R — C . This is a
complex vector space using pointwise addition (see Example 6.1.7), and the following scalar multiplica-
tion: For any w in C and f in D, we define wf : R — C by (wf)(x) = wf(x) for all x in R. We will be
working in D, for the rest of this section. In particular, consider the following complex subspace of D..:

D, ={f:R— C| fisasolutionto (7.3)}

Clearly, D,, C D;, and our interest in D}, comes from

If dim¢(D;,) = n, then dimg(D,) = n.

Proof. Observe first that if dim¢(D},) = n, then dimg(D}) = 2n. [In fact, if {g;, ..., g,} is a C-basis of
D; then {gi, ..., &n» g1, ..., ign} is a R-basis of D;]. Now observe that the set D, x D,, of all ordered
pairs (f, g) with f and g in D,, is a real vector space with componentwise operations. Define

6:D, —»D,xD, givenby 0(f)=(f, fi)for finD;

“Write |w| for the absolute value of any complex number w. As for functions R — R, we say that lim, _,q f(¢) = w if, for all
€ > 0 there exists & > 0 such that |f(¢) — w| <€ whenever || < §. (Note that ¢ represents a real number here.) In particular,
given a real number x, we define the derivative f' of a function f : R — C by f'(x) = lim0 { 1[f(x+1) — f(x)] } and we say
that f is differentiable if f’(x) exists for all x in R. Then we can prove that f is differentiable if and only if both f, and f; are
differentiable, and that f’ = f; +if/ in this case.
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One verifies that 6 is onto and one-to-one, and it is R-linear because f — f, and f — f; are both R-linear.
Hence D;, = D, x D,, as R-spaces. Since dimpg(D},) is finite, it follows that dimg(D,,) is finite, and we
have

2dimg(D,) = dimg(D, xD,) = dimg(D;) =2n
Hence dimg(D,) = n, as required. O

It follows that to prove Theorem 7.4.1 it suffices to show that dim ¢ (D)) = n.

There is one function that arises frequently in any discussion of differential equations. Given a complex
number w = a + ib (where a and b are real), we have ¢V = e?(cosb + isinb). The law of exponents,
eve¥ = "t for all w, v in C is easily verified using the formulas for sin(b+ b;) and cos(b+by). If xis a
variable and w = a + ib is a complex number, define the exponential function ¢"* by

eWX — eax (

cosbx + isinbx)

Hence ¢"* is differentiable because its real and imaginary parts are differentiable for all x. Moreover, the

following can be proved using (7.4):
(eWX)/ — WeWX

In addition, (7.4) gives the product rule for differentiation:
If f and g are in D, then (fg)' = f'g+ f¢'

We omit the verifications.

To prove that dim ¢ (D)) = n, two preliminary results are required. Here is the first.

Given f in D., and w in C, there exists g in D., such that g’ —wg = f.

Proof. Define p(x) = f(x)e™"*. Then p is differentiable, whence p, and p; are both differentiable, hence
continuous, and so both have antiderivatives, say p, = ¢,. and p; = ¢.. Then the function ¢ = g, +ig; is in
D.., and ¢’ = p by (7.4). Finally define g(x) = g(x)e"*. Then

/

g =" +qwe™ = pe"* +w(ge"™) = f+wg
by the product rule, as required. U

The second preliminary result is important in its own right.

Lemma 7.4.3: Kernel Lemma

LetV be a vector space, and let S and T be linear operators V — V. If S is onto and both ker (S)
and ker (T') are finite dimensional, then ker (T'S) is also finite dimensional and
dim [ker (T'S)] = dim [ker (T')] + dim [ker (S)].

Proof. Let {uj, up, ..., u,} be a basis of ker (T') and let {vy, v, ..., v,} be a basis of ker(S). Since S
is onto, let u; = S(w;) for some w; in V. It suffices to show that

B={w, Wo, ..., Wy, VI, V2, ..., V,}
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is a basis of ker (7'S). Note B C ker (7'S) because T'S(w;) = T'(u;) = 0 for each i and 7'S(v;) =T(0) =0
for each j.

Spanning. If v is in ker (T'S), then S(v) is in ker (T'), say S(v) = Y riu; =Y. r;S (w;) = S (X r;w;). It follows
that v—Y r;w; is in ker (S) = span{vy, v,, ..., v, }, proving that v is in span (B).

Independence. Let Y. riw; +Y.t;v; = 0. Applying S, and noting that S(v;) = 0 for each j, yields

0 =Y riS(w;) = Y rju;. Hence r; = 0 for each i, and so Y #;v; = 0. This implies that each ¢; = 0, and so
proves the independence of B. U

Proof of Theorem 7.4.1. By Lemma 7.4.1, it suffices to prove that dim ¢ (D}) = n. This holds for n = 1
because the proof of Theorem 3.5.1 goes through to show that D] = Ce~*. Hence we proceed by induction
on n. With an eye on equation (7.3), consider the polynomial

n—-2

p(t) =t"—a, ("' —a, ot e —apt? —ayt —ag

(called the characteristic polynomial of equation (7.3)). Now define a map D : Do, — D, by D(f) = f
for all f in De. Then D is a linear operator, whence p(D) : Do, — D is also a linear operator. Moreover,
since D¥(f) = f¥) for each k > 0, equation (7.3) takes the form p(D)(f) = 0. In other words,

D), = ker[p(D)]

By the fundamental theorem of algebra,” let w be a complex root of p(t), so that p(t) = ¢(t)(t —w) for some
complex polynomial g(t) of degree n— 1. It follows that p(D) = g(D)(D —wlp_). Moreover D —wlp_ is
onto by Lemma 7.4.2, dim¢[ker (D —wlp_)] = 1 by the case n = 1 above, and dim¢(ker[g(D)]) =n—1
by induction. Hence Lemma 7.4.3 shows that ker [P(D)] is also finite dimensional and

dimc(ker [p(D)]) = dimc(ker [¢(D)]) + dimc(ker[D—wlp_|)=(n—1)+1=n.

Since D, = ker [p(D)], this completes the induction, and so proves Theorem 7.4.1. O

7.5 More on Linear Recurrences®

In Section 3.4 we used diagonalization to study linear recurrences, and gave several examples. We now
apply the theory of vector spaces and linear transformations to study the problem in more generality.

Consider the linear recurrence
Xpto =6x, —x,41 forn>0

If the initial values x¢ and x| are prescribed, this gives a sequence of numbers. For example, if xo = 1 and
x1 = 1 the sequence continues

X2:5, X3:1, X4:29, X5:—23, x6:197,

3This is the reason for allowing our solutions to (7.3) to be complex valued.
®This section requires only Sections 7.1-7.3.
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as the reader can verify. Clearly, the entire sequence is uniquely determined by the recurrence and the two
initial values. In this section we define a vector space structure on the set of all sequences, and study the
subspace of those sequences that satisfy a particular recurrence.

Sequences will be considered entities in their own right, so it is useful to have a special notation for
them. Let

[x,) denote the sequence xg, X1, X2, -, Xp, ..
Example 7.5.1
[n) is the sequence 0, 1, 2, 3, ...
n+1) is the sequence 1, 2, 3, 4, ...
[2") is the sequence 1, 2, =
[(=1)") is the sequence 1, —1, 1, —1, ...
[5) is the sequence 5, 5, 5, 5, ...

Sequences of the form [c¢) for a fixed number ¢ will be referred to as constant sequences, and those of the
form [A"), A some number, are power sequences.

Two sequences are regarded as equal when they are identical:
[x,) = [yn) means x,=y, foralln=0,1,2, ...
Addition and scalar multiplication of sequences are defined by

n) + ) = [a +yn)
rlx,) = [rx,)
These operations are analogous to the addition and scalar multiplication in R", and it is easy to check that
the vector-space axioms are satisfied. The zero vector is the constant sequence [0), and the negative of a
sequence [x,) is given by —[x,) = [—x,).
Now suppose k real numbers rg, rq, ..., ;1 are given, and consider the linear recurrence relation
determined by these numbers.

Xtk = F0Xn + FXpt1 + -+ Fe—1Xp4k—1 (7.5)
When ry # 0, we say this recurrence has length k.” For example, the relation x,, 1o = 2x, + X, is of
length 2.
A sequence [x,) is said to satisfy the relation (7.5) if (7.5) holds for all n > 0. Let V denote the set of
all sequences that satisfy the relation. In symbols,

V =A{[xn) | Xp1x = roxn + rixpe1+ -+ ri_1x,14—1 hold for all n > 0}

It is easy to see that the constant sequence [0) lies in V and that V is closed under addition and scalar
multiplication of sequences. Hence V is vector space (being a subspace of the space of all sequences).
The following important observation about V' is needed (it was used implicitly earlier): If the first k terms
of two sequences agree, then the sequences are identical. More formally,

"We shall usually assume that ry # 0; otherwise, we are essentially dealing with a recurrence of shorter length than k.
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Let [x,) and [y,) denote two sequences in V. Then

[x,) =[yn) ifandonlyif xo=y0, X] =Y1, ---s Xk—1 = Vk—1

Proof. If [x,) = [y,) then x, =y, foralln=0, 1, 2, ... . Conversely, if x; = y; forall i =0, 1, ..., k—1,
use the recurrence (7.5) for n = 0.

X =roXo+rxy+ -+ re_1Xe—1 =royo+riyr+- -+ re—1Ye—1 = Yk

Next the recurrence for n = 1 establishes x;1 = yr+1. The process continues to show that x,x = y,+«
holds for all n > 0 by induction on n. Hence [x,) = [y,). O

This shows that a sequence in V is completely determined by its first £ terms. In particular, given a
k-tuple v = (vo, v, ..., k1) in R¥, define

T(v) to be the sequence in V whose first k terms are vg, vy, ..., Vi1

The rest of the sequence 7'(v) is determined by the recurrence, so T : R¥ — V is a function. In fact, it is
an isomorphism.

Theorem 7.5.1

Given real numbers rq, ry, ..., ri_1, let
V ={[xn) | Xpsx = roxn + rixpe1 + -+ ri1xXp1k—1, foralln >0}

denote the vector space of all sequences satistying the linear recurrence relation (7.5) determined
by ro, r1, ..., rr—1. Then the function
T:RFv

defined above is an isomorphism. In particular:
1. dmV =k.

2. If{vy, ..., v} is any basis of R, then {T(v1), ..., T(v;)} is a basis of V.

Proof. (1) and (2) will follow from Theorem 7.3.1 and Theorem 7.3.2 as soon as we show that T is an

isomorphism. Given v and w in R¥, write v = (vg, v1, ..., v_1) and w = (wg, Wy, ..., wi_1). The first
k terms of T(v) and T'(w) are vo, vy, ..., vx_1 and wo, wi, ..., wi_1, respectively, so the first k terms of
T(v)+T(w) are vo+wg, vi +wi, ..., Vg1 +wi_1. Because these terms agree with the first k terms of

T(v+w), Lemma 7.5.1 implies that T (v+w) = T(v) 4+ T (w). The proof that T'(rv) + rT(v) is similar, so
T is linear.

Now let [x,) be any sequence in V, and let v = (xg, x1, ..., xx_1). Then the first k terms of [x,) and
T(v) agree, so T(v) = [x,). Hence T is onto. Finally, if 7(v) = [0) is the zero sequence, then the first k
terms of T'(v) are all zero (all terms of T (v) are zero!) so v= 0. This means that ker 7 = {0}, so T is
one-to-one. U
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Example 7.5.2

Show that the sequences [1), [r), and [(—1)") are a basis of the space V of all solutions of the
recurrence
Xp4+3 = —Xp +Xnt+1 +Xp42

Then find the solution satisfying xo = 1, x; =2, xp = 5.

Solution. The verifications that these sequences satisfy the recurrence (and hence lie in V) are left
to the reader. They are a basis because [1) =T(1, 1, 1), [n) =T(0, 1, 2), and

[(=1)")=T(1, —1, 1);and {(1, 1, 1), (0, 1, 2), (1, —1, 1)} is a basis of R3. Hence the
sequence [x,) in V satisfying xo = 1, x; =2, x, = 5 is a linear combination of this basis:

) = 11[1) +12[n) +13[(=1)")
The nth term is x, = t; + nty + (—1)"t3, so taking n =0, 1, 2 gives
l=xo=t1+ 0 +13
2=x1=1+ tH — R

S=x=t1+2t)+13

This has the solution t; = t3 = %, th =2,80x, = % +2n+ %(—1)".

This technique clearly works for any linear recurrence of length k: Simply take your favourite basis
{v1, ..., v4} of R¥—perhaps the standard basis—and compute 7'(v}), ..., T(v;). This is a basis of V all
right, but the nth term of 7 (v;) is not usually given as an explicit function of n. (The basis in Example 7.5.2
was carefully chosen so that the nth terms of the three sequences were 1, n, and (—1)", respectively, each
a simple function of n.)

However, it turns out that an explicit basis of V can be given in the general situation. Given the
recurrence (7.5) again:
Xprk = T0Xn + 11 Xn+1+ 0+ Tk 1 X4 k-1

the idea is to look for numbers A such that the power sequence [A") satisfies (7.5). This happens if and
only if
lnﬁ—k = roA" + rlln—kl NI rk,11n+k_l

holds for all n > 0. This is true just when the case n = 0 holds; that is,
A =rg+rAd+- o AT

The polynomial
p(x)=xr—r - —rx—ny

is called the polynomial associated with the linear recurrence (7.5). Thus every root A of p(x) provides a
sequence [A") satisfying (7.5). If there are k distinct roots, the power sequences provide a basis. Inciden-
tally, if A = 0, the sequence [A") is 1, 0, O, ...; that is, we accept the convention that o0 =1.
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Theorem 7.5.2

Letry, ry, ..., r,_1 be real numbers; let
V = {[xn) | Xpsk = roXn +rixns1 + -+ re—1Xp4x—1 for alln > 0}

denote the vector space of all sequences satistying the linear recurrence relation determined by
ro, 1, ..., I't—1, and let
p(x) = Fer K —rx—r

denote the polynomial associated with the recurrence relation. Then

1. [A") lies inV if and only if A is a root of p(x).

2. If Ay, Ag, ..., A are distinct real roots of p(x), then {[A]"), [A}), ..., [A])} is a basis of V.

Proof. It remains to prove (2). But [A") = T(v;) where v; = (1, A;, A%, ..., 2¥71), so (2) follows by
Theorem 7.5.1, provided that (v, v, ..., V,) is a basis of RX. This is true provided that the matrix with
the v; as its rows

1 A 112 e l{‘_l

1 L 122 e lé‘_l

1 N A2 o A5
is invertible. But this is a Vandermonde matrix and so is invertible if the A; are distinct (Theorem 3.2.7).
This proves (2). ]

Example 7.5.3

Find the solution of x,, > = 2x, 4 x,,+ that satisfies xo = a, x| = b.

Solution. The associated polynomial is p(x) = x> —x —2 = (x —2)(x+ 1). The roots are A; = 2
and A, = —1, so the sequences [2") and [(—1)") are a basis for the space of solutions by
Theorem 7.5.2. Hence every solution [x,) is a linear combination

ben) = 012") +12[(=1)")

This means that x,, = ;2" +#(—1)" holds forn =0, 1, 2, ..., so (takingn =0, 1) x9o = a and
x1 = b give

h+n=a
2t1—th=0>b

These are easily solved: t; = %(a +b)and 1, = %(Za —b), so

=4 [(a+5)2"+ (2a~b)(~1)"
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The Shift Operator

If p(x) is the polynomial associated with a linear recurrence relation of length &, and if p(x) has k distinct
roots Ay, Ay, ..., A, then p(x) factors completely:

px) = (x=A)(x—=22) - (x =)

Each root A; provides a sequence [A") satisfying the recurrence, and they are a basis of V by Theorem 7.5.2.
In this case, each A; has multiplicity 1 as a root of p(x). In general, a root A has multiplicity m if
p(x) = (x—A)"q(x), where g(A) # 0. In this case, there are fewer than k distinct roots and so fewer
than k sequences [A") satisfying the recurrence. However, we can still obtain a basis because, if A has
multiplicity m (and A # 0), it provides m linearly independent sequences that satisfy the recurrence. To
prove this, it is convenient to give another way to describe the space V of all sequences satisfying a given
linear recurrence relation.

Let S denote the vector space of all sequences and define a function
S:S—S by Sk, =xur1)=1[x1, x2, x3, ...)

S is clearly a linear transformation and is called the shift operator on S. Note that powers of § shift the
sequence further: S%[x,) = S[x,;1) = [*,12). In general,

S¥x) = k) = ks Xpy1s ...) forallk=0,1,2, ...
But then a linear recurrence relation
Xpik =T0Xn +T1Xpp1+ -+ 15— 1Xp4k—1 forallm=0,1, ...

can be written
Sk[xn) = ro[xn) +riSpx,) +-- -+ rk,lSkfl [%1) (7.6)

Now let p(x) =xf — rp_1x*=! —... —r;x— ry denote the polynomial associated with the recurrence relation.
The set L[S, S] of all linear transformations from § to itself is a vector space (verify®) that is closed under
composition. In particular,

p(S) =Sk —r S — S — 1

is a linear transformation called the evaluation of p at S. The point is that condition (7.6) can be written

p(S){l)} =0

In other words, the space V of all sequences satisfying the recurrence relation is just ker [p(S)]. This is the
first assertion in the following theorem.

Letrg, r1, ..., ry—y be real numbers, and let

V =A{[xn) | X1k = roxn +rixpe1+ -+ ri1xu15—1 foralln >0}

8See Exercises 9.1.19 and 9.1.20.
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denote the space of all sequences satistfying the linear recurrence relation determined by
1o, ¥1, ---, Ie—1. Let
px) == X —rx—rg

denote the corresponding polynomial. Then:
1. V = ker [p(S)], where S is the shift operator.
2. If p(x) = (x—A)"q(x), where L # 0 and m > 1, then the sequences
{[A"), [nA"), [n*A"), ..., [n"~'A")}

all lie in V and are linearly independent.

Proof (Sketch). It remains to prove (2). If (Z) = w denotes the binomial coefficient, the idea

is to use (1) to show that the sequence s; = [(})A") is a solution for each k =0, 1, ..., m—1. Then
(2) of Theorem 7.5.1 can be applied to show that {so, si, ..., Sy—1} is linearly independent. Finally, the
sequences t; = [nkl"), k=0, 1, ..., m—1, in the present theorem can be given by t;, = Z;”;Ol aysj, where
A = |ajj] is an invertible matrix. Then (2) follows. We omit the details. O

This theorem combines with Theorem 7.5.2 to give a basis for V when p(x) has & real roots (not neces-
sarily distinct) none of which is zero. This last requirement means ry # 0, a condition that is unimportant
in practice (see Remark 1 below).

Theorem 7.5.4

Letry, ri, ..., ry_1 be real numbers with ro # 0; let
V =A{[xn) | Xn1k = roxn +rixps1+- -+ ri—1Xpk—1 foralln >0}

denote the space of all sequences satisfying the linear recurrence relation of length k determined by
ro, ..., 'r—1; and assume that the polynomial

px)=x—r_ Al —rx—n

factors completely as

plx) = (x =)™ (x = A2)™ -~ (x = Ap)"™

where Ay, Ay, ..., A, are distinct real numbers and each m; > 1. Then A; # 0 for each i, and

(A1) [PA7), - [nMIAT)
[23) [n23) s [1™7123)

[A5) [n2g) . s [0 IA7)

is a basis of V.
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Proof. There are m; +mjy +---+m), = k sequences in all so, because dim V =k, it suffices to show that
they are linearly independent. The assumption that ry # 0, implies that 0 is not a root of p(x). Hence each
A # 0, s0 {[A"), [nA"), ..., [R"™"1AM)} is linearly independent by Theorem 7.5.3. The proof that the
whole set of sequences is linearly independent is omitted. U

Example 7.5.4

Find a basis for the space V of all sequences [x,) satisfying
Xn43 = =%y — 3X441 + Sxpp2
Solution. The associated polynomial is
p(x) =x —5x* +3x+9=(x—3)*(x+ 1)
Hence 3 is a double root, so [3,) and [r3") both lie in V by Theorem 7.5.3 (the reader should verify

this). Similarly, A = —1 is a root of multiplicity 1, so [(—1)") lies in V. Hence
{[3"), [n3"), [(—1)")} is a basis by Theorem 7.5.4.

Remark 1
If ro = 0 [so p(x) has 0 as a root], the recurrence reduces to one of shorter length. For example, consider

Xnta = 0%, +0x,41 + 3X,42 + 2x,43 (7.7)

If we set y, = x,+2, this recurrence becomes y,+2 = 3y, + 2y,+1, which has solutions [3") and [(—1)").
These give the following solution to (7.5):

0,0,1,3,32 ...)
(0,0, 1, 1, (=1)% ...)

In addition, it is easy to verify that
[1,0,0,0,0,...)

0,1,0,0,0,...)

are also solutions to (7.7). The space of all solutions of (7.5) has dimension 4 (Theorem 7.5.1), so these
sequences are a basis. This technique works whenever ry = 0.

Remark 2

Theorem 7.5.4 completely describes the space V of sequences that satisfy a linear recurrence relation for
which the associated polynomial p(x) has all real roots. However, in many cases of interest, p(x) has
complex roots that are not real. If p(u) = 0, u complex, then p(t) = 0 too (1 the conjugate), and the
main observation is that [u" + ") and [i(u" +1")) are real solutions. Analogs of the preceding theorems
can then be proved.
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Exercise 7.5.1 Find a basis for the space V of sequences
[x,) satisfying the following recurrences, and use it to
find the sequence satisfying xo =1, x; =2, x, = 1.

a. Xpy3 = —2X, + Xpp1 + 2Xp42
b. xy13 = —6x, + 7x511
C. Xpt3 = —36x, + Txp40

Exercise 7.5.2 In each case, find a basis for the space V
of all sequences [x,) satisfying the recurrence, and use it
to find x,, if xo =1, x; = —1, and x, = 1.

A Xp43 = Xp T Xpt1 — Xn42

b. xy43 = —2x, 4+ 3x,41

C. Xpy3 = —4x, +3x,42

d. Xp13 =X — 3Xu41 + 33X 42

e. Xp3 = 8x, — 12x,41 + 6x42

Exercise 7.5.3 Find a basis for the space V of sequences
[x,) satisfying each of the following recurrences.

a. Xpio = —a’x, +2ax,.1,a#0

b. X402 = —abx, + (a+b)x,11, (a # D)
Exercise 7.5.4 1In each case, find a basis of V.

a. V={[xn) | X414 = 2x442 — X543, forn > 0}

b. V ={[xy) | Xp44 = —Xps2 4+ 2X,43, for n > 0}

Exercise 7.5.5 Suppose that [x,) satisfies a linear recur-
rence relation of length k. If {ep = (1, 0, ..., 0),
e=(0,1,...,0), ..., e_-1=(0,0, ..., 1)} is the stan-
dard basis of R¥, show that

xn=x0T (e9) +x1T(e;)+ - +xx—17T (ex_1)

holds for all n > k. (Here T is as in Theorem 7.5.1.)

Exercise 7.5.6 Show that the shift operator S is onto but
not one-to-one. Find ker S.

Exercise 7.5.7 Find a basis for the space V of all se-
quences [x,) satisfying x,12 = —x,.






