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§ 5.5 MVE: The Cramér-Rao Lower Bound

Question: Can one identify the unbiased estimator having the smallest
variance?

Short answer: In many cases, yes!

We are going to develop the theory to answer this question in details!
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Regular Estimation/Condition: The set of y (resp. k) values, where
fy(y;0) # 0 (resp. px(k;0) # 0), does not depend on 6.

i.e., the domain of the pdf does not depend on the parameter (so that one
can differentiate under integration).
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Regular Estimation/Condition: The set of y (resp. k) values, where
fy(y;0) # 0 (resp. px(k;0) # 0), does not depend on 6.

i.e., the domain of the pdf does not depend on the parameter (so that one
can differentiate under integration).

Definition. The Fisher’s Information of a continous (resp. discrete)
random variable Y (resp. X) with pdf fy(y; ) (resp. px(k;0)) is defined as

(aln fgéY; e)ﬂ <resp. . (Blnpge(X; 9))2D .

) =E
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Lemma. Under regular condition, let Y1, -+, Y, be a random sample of
size n from the continuous population pdf fy(y;@). Then the Fisher
Information in the random sample Yi,--- , Y, equals n times the Fisher
information in X:

. [<alnfyl,...,yn(Y1,~--,Yn;e)ﬂ o [(Wﬂ =nle). (1)

00 00

(A similar statement holds for the discrete case px(k;0)).
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Lemma. Under regular condition, let Y1, -+, Y, be a random sample of
size n from the continuous population pdf fy(y;@). Then the Fisher
Information in the random sample Yi,--- , Y, equals n times the Fisher
information in X:

. [<a1nfyl,...,yngl,-~,Yn;e)ﬂ - [(f’lnfg(gy%@)ﬂ — ). (1)

(A similar statement holds for the discrete case px(k;0)).

Proof. Based on two observations:

LHS =E [(igelnfy,me)> }

) St(y;0), _ [0 .
E(%lnfy(Y,,G)) /way(y,e)dy—/%fy(y,&)dy
8

rC. 0
/fyy, )y = 89 =0.
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Lemma. Under regular condition, if In fy(y;0) is twice differentiable in 0,
then
2

1(0) = { 8892 In fy (Y; o)} @)

(A similar statement holds for the discrete case px(k;0)).
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Lemma. Under regular condition, if In fy(y;0) is twice differentiable in 0,
then

2

1%
1(0) = {692 In fy(Y; G)} (2)
(A similar statement holds for the discrete case px(k;0)).

Proof. This is due to the two facts:

a2 2 h(Y:0) apfv(Y:6) 2
gz miv(Y:6) = S0 - <8?y(Y9)>

2 £ (Y30 28 79

R.C. 82/
= — [ fy(y;0)dy =
207 /. y(y;0)dy
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Theorem (Cramér-Rao Inequality) Under regular condition, let Y1, -+, Yy
be a random sample of size n from the continuous population pdf fy(y;0).
Let @ = 0(Yi1,---, Yn) be any unbiased estimator for §. Then

~ 1
Var(0) > YOk

(A similar statement holds for the discrete case px(k;0)).

61



Theorem (Cramér-Rao Inequality) Under regular condition, let Y1, -+, Yy
be a random sample of size n from the continuous population pdf fy(y;0).
Let @ = 0(Yi1,---, Yn) be any unbiased estimator for §. Then

1

Var(9) > )

(A similar statement holds for the discrete case px(k;0)).

Proof. If n=1, then by Cauchy-Schwartz inequality,

[(9 0)%111 fo(Y; 9)] < /Var(@)  1(6)

On the other hand,

R oy
B|@-0 g uhvio)] = [@-0Z LD 0y
- / @ 0) 2 tr(y:0)ay

/0 O fy(y;0)dy +1 = 1.

E@—60)=0

For general n, apply for (1). 0.
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Definition. Let © be the set of all estimators 0 that are unbiased for the
parameter 6. We say that 6" is a best or minimum-variance esimator
(MVE) if " € © and

~

Var(6*) < Var(0) for all § € ©.

-~

Definition. An unbiased estimator 8 is efficient if Var(0) is equal to the
Cramér-Rao lower bound, i.e., Varf = (n1(6))™".

Iy -1
The efficiency of an unbiased estimator 6 is defined to be (n/(@)Var(@))

(Unbiased estimators ©

MVE
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E.g. 1. X ~Bernoulli(p). Check whether p = X is efficient?
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E.g. 1. X ~Bernoulli(p). Check whether p = X is efficient?

Step 1. Compute Fisher’s Information:

px(kip) = p*(1—p)' "

Inpx(k;p) = kInp+ (1 — k) In(1 — p)
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E.g. 1. X ~Bernoulli(p). Check whether p = X is efficient?

Step 1. Compute Fisher’s Information:

px(kip) = p*(1—p)' "

Inpx(k;p) = kInp+ (1 — k) In(1 — p)

b} k 1-—k
—1 kip)= - — ——
op npx (ks p) » 1p
% k 1—k
——1 kip)=—=+——
g2p PP = Gt e
8% X 1-X 1
—E|—=—1 X; =E|S>+ —" | ==
|:82p n px( »P)} {p2+(1,p)2} p

Step 2. Compute Var(p).

1
Ip)=—, g=1-p.
(2] g

. 1 " 1
Var(p) = — Var (Z X,> = —5npq =
=1

1

1-p

pPq

n

1

pq’
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E.g. 1. X ~Bernoulli(p). Check whether p = X is efficient?

Step 1. Compute Fisher’s Information:

px(kip) = p*(1—p)' "

Inpx(k;p) = kInp+ (1 — k) In(1 — p)

P K 1-k
— Inpx(kip) = - — ——
ap " P p 1-p
% k 1—k
——1 kip)=—=+——
g2p PP = Gt e

X 17X}71 1
p 1-p

92
—E |:an lan(X;p):| =E |:? + a-p2

1
I(p)=—, g=1—p.
P) g

Step 2. Compute Var(p).

. 1 " 1 pq
Var(p) = n—2\/ar (Z X,> = n—lznpq -
i=1

Conclusion Because p is unbiased and Var(p) = (nl(p)) ™', p is efficient.

1

pq’
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E.g. 2. Exponential distr.: fy(y;\) = Ae ™™ for y > 0. Is A = 1/Y efficent?
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E.g. 2. Exponential distr.: fy(y;A) = Xe ™ for y > 0. Is A = 1/Y efficent?

Answer No, because X is biased. Nevertheless, we can still compute Fisher’s
Information as follows

Fisher’s Inf.
Infy(y; \) =InX — Ay

) 1
—Infy(y;\) = — —
(,Mny(y,) R4
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E.g. 2. Exponential distr.: fy(y;A) = Xe ™ for y > 0. Is A = 1/Y efficent?

Answer No, because X is biased. Nevertheless, we can still compute Fisher’s
Information as follows

Fisher’s Inf.
Infy(y; \) =InX — Ay

) 1

—Infy(y;\) = — —

aAnY(%) R4
2

Is] 1
—%me(ﬂ)‘) = 2
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E.g. 2. Exponential distr.: fy(y;\) = Ae™™ for y > 0. Is X =1/Y efficent?

Answer No, because X is biased. Nevertheless, we can still compute Fisher’s
Information as follows

Fisher’s Inf.
Infy(y; \) =InX — Ay
14] 1
— Infy(y;\) = — —
oy i )=y

92 1
—%me(,V;)‘) = 2

8? 1 1
—-E |:%1nfy(Y; /\):| =E [F] =z
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E.g. 2. Exponential distr.: fy(y;A) = Xe ™ for y > 0. Is A = 1/Y efficent?

Answer No, because X is biased. Nevertheless, we can still compute Fisher’s
Information as follows

Fisher’s Inf.
Infy(y; \) =InX — Ay
14] 1
Infy(y;\) = = —
o) =< -y
2 ; ' B 1
o Y(y;A) = 2
92 1
—-E |:m Infy(Y; /\):| =E [F] =2
L% . n—11
Try. A . T?

. It is unbiased. Is it efficient?
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E.g. 2. Exponential distr.: fy(y;0) = 6*e /% for y > 0. 0 =Y efficent?
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E.g. 2. Exponential distr.: fy(y;0) = 6*e /% for y > 0. 0 =Y efficent?

Step. 1. Compute Fisher’s Information:

Infy(y;0) = —1n6 — }5/
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E.g. 2. Exponential distr.: fy(y;0) = 6*e /% for y > 0. 0 =Y efficent?
Step. 1. Compute Fisher’s Information:
Infy(y;0) = —1n6 — }5/

Y

P 1
— Infy(y;0) = —— + =
g M0 =5+ 5
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E.g. 2. Exponential distr.: fy(y;0) = 6*e /% for y > 0. 0 =Y efficent?

Step. 1. Compute Fisher’s Information:

Infy(y;0) = —1n6 — }5/

o 1 1%
— Infy(y;0) = —— + =
g MBi0) =5+
o 1 2y
Torg MO =T
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E.g. 2. Exponential distr.: fy(y;0) = 6"'e /% for y > 0. 0 =Y efficent?

Step. 1. Compute Fisher’s Information:
Infy(y;0) = —1n6 — g

o 1 1%
— Infy(y;0) = ——
gg mivyif) =—5+

92
o 1 2y
T MO =t
9? 12y 1 20 .
_]E|:%lnfy(Y;9):|=E[—0—2+0—3}=—9—2+9—3—9
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E.g. 2. Exponential distr.: fy(y;0) = 6"'e /% for y > 0. 0 =Y efficent?

Step. 1. Compute Fisher’s Information:
Infy(y;0) = —1n6 — g

o 1 1%
— Infy(y;0) = ——
50 (i 0) i

92
o 1 2y
“ 520 Infy(y;0) = ) + e
o? 12y 120 .
—E {%lnfy(Y;é))} =E [—0—2 + 0—3} =% + 5= 0
109)
Step 2. Compute Var(f):
- . 1 0
Var(Y) = — Var(Y;) = ﬁn(i2 = —
i=1
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E.g. 2. Exponential distr.: fy(y;0) =0 te /% for y > 0. 6 =Y efficent?
Step. 1.

Compute Fisher’s Information:

Infy(y;0) = —1n6 — g

. y
7lan(y’9) **‘9’9*2
2 1 2y
Torg M= T
9? 12y 1 20 .
- |:829 In fy(Y; «9):| [——-‘,——} = + Ve =0
1(6)

Step 2. Compute Var(f):

1, 62
Var(Y) = Z Var(Y;) = —no” =

Conclusion. Because @ is unbiased and Var(p) = (nl(p))~*, 0 is efficient.
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E.g. 3. fy(y;0) = 2y/6% for y € [0,6]. § = 3 efficent?
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E.g. 3. fy(y;0) = 2y/6% for y € [0,6]. § = 3 efficent?

Step. 1. Compute Fisher’s Information:

Infy(y;0) =1In(2y) —21In6

alf(-e)f 2
aenv% =79
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E.g. 3. fy(y;0) = 2y/6° for y €[0,6]. 6 = 2 efficent?

Step. 1. Compute Fisher’s Information:

Infy(y;0) =1In(2y) —21In6

o 2
— Infy(y;0) = ——
Tk v(y:0) 7

By the definition of Fisher’s information,

0 =5[(Zmii0)] =[(-2)] = &
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E.g. 3. fy(y;0) = 2y/6° for y €[0,6]. 6 = 2 efficent?

Step. 1. Compute Fisher’s Information:

Infy(y;0) =1In(2y) —21In6

o
20 In fy (y; 0)

By the definition of Fisher’s information,

10) =& [ (55 iy 0))2]

However, if we compute

Il
=
—
/T\
ESEN
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E.g. 3. fy(y;0) = 2y/6° for y €[0,6]. 6 = 2 efficent?

Step. 1. Compute Fisher’s Information:

Infy(y;0) =1In(2y) —21In6

7]
— Infy(y;0) = ——
20 y(¥;6)
By the definition of Fisher’s information,

0 =5[(Zmii0)] =[(-2)] = &

However, if we compute

o
2| pmnrio)| =2 [-2] =% % 4 — o)
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E.g. 3. fy(y;0) = 2y/6° for y €[0,6]. 6 = 2 efficent?

Step. 1. Compute Fisher’s Information:
Infy(y;0) =1In(2y) —21In6

o
20 In fy (y; 0)

By the definition of Fisher’s information,

10) =& [ (55 iy 0))2]

However, if we compute

Il

=
—
/T\
ESEN
~
N
[

Il
NS

9* 2
*ﬂlnﬁ/(}’% 6) = T2

920 02

2
—E |:i 1nfy(Y;9)j| B |:_3i| _ _932 + % _ 1(9)_

Step 2. Compute Var(6):
9 6% 6°

9
Var(f) = -Var(Y) = o= .

66



E.g. 3. fy(y;0) = 2y/6° for y €[0,6]. 6 = 2 efficent?

Step. 1. Compute Fisher’s Information:
Infy(y;0) =1In(2y) —21In6

o 2
— Infy(y;0) = ——
Tk v(y:0) 7

By the definition of Fisher’s information,

0 =5[(Zmii0)] =[(-2)] = &

However, if we compute

020

-E |:8—21nfy(Y;6)] =E [—3} -2 % = 1(0).

Step 2. Compute Var(6):

~ 9 9 0% 0°
Var(0) = —Var(Y) = —— = —.
4an 4n 18 8n
Discussion. Even though 8 is unbiased, we have two discripencies: (1) and
0% o2 1

Var(9) = — < — =
ar(6) 8n — 4n  nl(0)

66



E.g. 3. fy(y;0) = 2y/6° for y €[0,6]. 6 = 2 efficent?

Step. 1. Compute Fisher’s Information:
Infy(y;0) =1In(2y) —21In6

o 2
— Infy(y;0) = ——
Tk v(y:0) 7

By the definition of Fisher’s information,

0 =5[(Zmii0)] =[(-2)] = &

However, if we compute

020

-E |:8—21nfy(Y;6)] =E [—3} -2 % = 1(0).

Step 2. Compute Var(6):

~ 9 9 0% 0°
Var(0) = —Var(Y) = —— = —.
4an 4n 18 8n
Discussion. Even though 8 is unbiased, we have two discripencies: (1) and
0% o2 1

Var(9) = — < — =
ar(6) 8n — 4n  nl(0)

66



E.g. 3. fy(y;0) = 2y/6° for y €[0,6]. 6 = 2 efficent?

Step. 1. Compute Fisher’s Information:
Infy(y;0) =1In(2y) —21In6

o
— Infy(y;0) = —=
20 nfy(y; 0)

By the definition of Fisher’s information,

10) =& [ (55 iy 9))2]

However, if we compute

Il
=
—
/T\
ESEN
~

N
[
|
NS

9* 2
7%lnfy(y;0) =72

920 02

-E |:8—21nfy(Y;6)] =E [—3} -2 % = 1(0).

Step 2. Compute Var(6):

9 0% 0°

s  sn’
Discussion. Even though 8 is unbiased, we have two discripencies: (1) and

9
Var(f) = - Var(Y) =

0% ? 1
Var(f) = — < — =
8n — 4n  nl(0)

This is because this is not a regular estimation!
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