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Difficulties

Scalar parameter Vector parameter
Simple-vs-Composite test = Composite-vs-Composite test
Hy:0 =00 vs Hi : 0 # 6 Hy:0cwvs H :0 € QNw®

E.g. Two normal populations N(ui,oi), i = 1,2. M2
oj are known, p; unknown. w
Ho:prw =pe vs Hi:pa # po.
Equivalently, M1

Ho : (p1,p2) €Ew vs Hi:(p1,p2) € w.

55



\{

v

v

Let Y1, -+, Yn be a random sample of size n from fy(y;61,--- ,0k)

Let © be all possible values of the parameter vector (61, - ,0)

Let w C ) be a subset of €.

Test:

Ho

0ew vs Hi:0eQ\w.

The generalized likelihood ratio, )\, is defined as

A

max L6041, ,6k)

(b1 B Ew

max  L(01,---,06k)

(01, ,0,) €D
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A€ (0,1]

A close to zero A close to one
data NOT compatible with Hp data compatible with Hp
reject Ho accept Ho

» Generalized likelihood ratio test (GLRT): Use the following critical
region

C={):Ae (0,\]}
to reject Hy with either o or y* being determined through

a:P(0<A§)\*

Ho is true) .
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Remarks:

1. Maximization over 2 instead of Q \ w in denominator:
In practice, little effect on this change.

In theory, much easier/nicer: L(61,--- ,0x) is maximized over the whole
space € by the max. likelihood estimates: Qe := (0e,1, -+ ,0ek) € Q.

2. Suppose the maximization over w is achieved at we € w.

3. Hence:

1}



Remarks;

4. For simple-vs-composite test, w = {wo} consists only one point:

5. Working with A is hard since fa(A|Hp) is hard to obtain.
If A is a (monotonic) function of some r.v. W, whose pdf is known.
Suggesting testing procedure

Test based on A <=  Test based on w.
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E.g. 1 Let Yi,---, Yy be a random sample of size n from the uniform pdf:

fy(y :0) =1/6, y € [0,6]. Find the form of GLRT for

Hy:0=00 v.s. Hi:0<6 with given a.

Sol. 1) The null hypothesis is simple, and hence

L(We) = L(‘90 = 9() H I[O 0o] }//) =0" 0 ,00] (ymax)

i=1

2) The MLE for 0 is ymax and hence,

L(Qe) - L(}/max) — }/r;arl(l[o,ymax](ymax) - yr;ar;v
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3) Hence,

4) o and critical value \*:

a=P0 < A< XHy is true)

n
=P ([Ymax} Iro0,00) (Ymax) < )\*‘Ho is true)

o

=P (Ymax < Go(A)M"

Ho is true)

A suggests the test statistic Ymax:

Test based on A\ <= Test based of Ymax
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5) Let’s find the pdf of Ymax. The cdf of Y is Fy(y;00) = y/6o for
y € [0,60]. Hence,

Fyma (V3 00) = NFy (y;00)" " fy (y; 00)
n—1

=T y €[0,60].

6) Finally, by setting y* := 0o (A\*)¥/", we see that
a=P (Ymax < y*‘Ho is true)

y* n n—1
= [
*\ N
= (};n) — y*=6a"/"
0

7) Therefore, Hp is rejected if

Ymax < 90051/”~
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E.g. 2 Let Xi,- -, X, be a random sample from the geometric distribution

Sol.

with parameter p.

Find a test statistic A for testing Ho : p = po versus Hi : p # po.

Let X and k be the sample mean. Because the null hypothesis is simple,

n

L(we) = L(po) = [J(1 — p0)" " po = (1 — po)™"p5,

i=1

which shows that k is a sufficient estimator.
On the other hand, the MLE for the parameter p is 1/k. So

L(Qe) = L(1/k) = H (1 - I}()k"‘l % _ (k;l>k—

i=1

x| -

Hence,

A= L) _ (’_‘@ —P0>)nk"<pok>"

— X —
Finally, A = (%)n ! (PoX)".
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E.g. 3 Let Yi,---, Y, be a random sample from the exponential distribution
with parameter A.

Find a test statistic V for testing Hy : A = Ao versus H; : A #£ Ao.

Sol. Since the null hypothesis is simple,
n n
L(we) = LX) = [ o™ = Age 0 X
i=1

Let Z=>Y"", Y; ~ Gamma(n, \), which is a sufficient estimator.
On the other hand, the MLE for A is 1/y = n/z:

L(Qe) = L(1/y) = (n/2)"e"".

Hence,

L(we) n,.—n\n  —X\oz+n
A= =2z'n"\e "°
L(S2) ’

Finally, A = Z"n""AJe *0Ztn or V =Z"e Mo?,



The critical region in terms of V should be:

0.05=a="P (V € (07y*]‘Ho is true)

*

:/Oy fu(v)dv

However, it is not easy to find the exact distribution of V.

One can also make the inference based on the test statistic Z ...
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This suggests that the critical region in terms of z should be of the form:
(07 Cl) U (027 OO)
For convenience, we put /2 mass on each tails of the density of Z:

Find ¢; and ¢ such that

/Ocl f2(2)dz — /coo ()02 =3,

2
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using V

using Z

Critical region

pdf

(0, v7]

hard to obtain

(0, Zﬂ @] [Zg, OO)

Gamma (n, \)
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E.g. 4 Let Y1, -+, Y, be a random sample from N(pu,1).
Find a test statistic A for testing Ho : p = po versus H;

Sol. Since the null hypothesis is simple,

_ vj—np)?
- e 2
g Vam
On the other hand, the MLE for p is y:
n 2
B 1 )
L(Qe) = L(y) = ——e
Hence,

<
[
=
o
N——
[ V)
N————
]
=
<
{

L Lo
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