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https://en.wikipedia.org/wiki/Normal_distribution
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Test for normal parameters (one sample test)

Let Y1, · · · ,Yn be a random sample from N(µ, σ2).

Prob. 1 Find a test statistic Λ in order to test H0 : µ = µ0 v.s. H1 : µ 6= µ0.

When σ2 is known: Λ =
Y − µ0

σ/
√

n
∼ N(0, 1)

When σ2 is unknown: Λ =? Λ
?
=

Y − µ0

s/
√

n
∼ ?

Prob. 2 Find a test statistic Λ in order to test H0 : σ2 = σ2
0 v.s. H1 : σ2 6= σ2

0 .
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Prob. 1 Find a test statistic for H0 : µ = µ0 v.s. H1 : µ 6= µ0, with σ2 unknown

Sol. Composite-vs-composite test with:

ω =
{
(µ, σ2) : µ = µ0, σ

2 > 0
}

Ω =
{
(µ, σ2) : µ ∈ R, σ2 > 0

}
The MLE under the two spaces are:

ωe = (µe, σ
2
e ) : µe = µ0 and σ2

e =
1

n

n∑
i=1

(yi − µ0)
2 (Under ω)

Ωe = (µe, σ
2
e ) : µe = ȳ and σ2

e =
1

n

n∑
i=1

(yi − ȳ)2 (Under Ω)
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L(µ, σ2) = (2πσ2)−n exp

(
−1

2

n∑
i=1

(yi − µ

σ

)2)

L(ωe) = · · · =
[

ne−1

2π
∑n

i=1(yi − µ0)2

]n/2

L(Ωe) = · · · =
[

ne−1

2π
∑n

i=1(yi − ȳ)2

]n/2
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Hence,

λ =
L(ωe)

L(Ωe)
=

[ ∑n
i=1(yi − ȳ)2∑n

i=1(yi − µ0)2

]n/2

= · · · =
[
1 +

n(ȳ − µ0)
2∑n

i=1(yi − ȳ)2

]−n/2

=

1 + 1

n − 1

 ȳ − µ0√
1

n−1

∑n
i=1(yi − ȳ)2

/√
n


2

−n/2

=

[
1 +

1

n − 1

(
ȳ − µ0

s /
√

n

)2
]−n/2

=

[
1 +

t2

n − 1

]−n/2

, t =
ȳ − µ0

s /
√

n
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−3 −2 −1 0 1 2 3

0.5

1

λ∗

c−c

t

λ(t) = (1 + t2
n−1

)−
n
2

λ ∈ (0, λ∗] ⇔ |t | ≥ c.
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Finally, the test statistic is

T =
Y − µ0

S/
√

n

with Y =
1

n

n∑
i=1

Yi and S2 =
1

n − 1

n∑
i=1

(
Yi − Y

)2
.

The critical region takes the form: |t | ≥ c.

Question: Find the exact distribution of T .
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Prob. 2 Find a test statistic for H0 : σ2 = σ2
0 v.s. H1 : σ2 6= σ2

0 , with µ unknown

Sol. Composite-vs-composite test with:

ω =
{
(µ, σ2) : µ ∈ R, σ2 = σ2

0

}
Ω =

{
(µ, σ2) : µ ∈ R, σ2 > 0

}
The MLE under the two spaces are:

ωe = (µe, σ
2
e ) : µe = ȳ and σ2

e = σ2
0 (Under ω)

Ωe = (µe, σ
2
e ) : µe = ȳ and σ2

e =
1

n

n∑
i=1

(yi − ȳ)2 (Under Ω)
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Hence,

λ =
L(ωe)

L(Ωe)
=

[∑n
i=1(yi − ȳ)2

nσ2
0

]n/2

exp

(
−1

2

n∑
i=1

(
yi − ȳ
σ0

)2

+
n
2

)

=

[
1

n−1

∑n
i=1(yi − ȳ)2

n
n−1

σ2
0

]n/2

exp

(
−n − 1

2σ2
0

1

n − 1

n∑
i=1

(yi − ȳ)2 +
n
2

)

=

[
s2

n
n−1

σ2
0

]n/2

exp
(
−n − 1

2σ2
0

s2 +
n
2

)

⇓

λ(s2) =

[
s2

n
n−1

σ2
0

]n/2

exp
(
−n − 1

2σ2
0

s2 +
n
2

)
⇐⇒ v(s2) = (s2)

n
2 e−λs2
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By setting n = 6 and λ = 0.8, we see ...

0 1 2 3 4 5 6 7 8 9
3.75

2.63

c1 c2

λ∗

s2

v(s2) = (s2)3e−0.8s2

This suggests that the critical region should be of the form in terms of s2:

(0, c1) ∪ (c2,∞)

For convenience, we put α/2 mass on each tails of S2:

Find c1 and c2 such that∫ c1

0

fS2(z)dz =

∫ ∞

c2

fS2(z)dz =
α

2
.
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Finally, the test statistic is

S2 =
1

n − 1

n∑
i=1

(
Yi − Y

)2
with Y =

1

n

n∑
i=1

Yi

Question: Find the exact distribution of S2.
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