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Multilevel designs:
1. Two methods applied to two independent sets of similar subjects.
E.g., comparing two products.
2. Same method applied to two different kinds of subjects.

E.g., comparing bones of European kids and American kids.
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Test for normal parameters (two sample test)

1. Let Xi,---, Xy be a random sample of size n from N(px, 0)2().

2. Let Y1, -+, Ym be a random sample of size m from N(uy, 0'%/).

Prob. 1 Find a test statistic A in order to test Ho : ux = py v.s. Hi : ux # py.

1-1 When o% and o} are known
1-2 When o% = o} is unknown

1-3 When o% # 0¥, both are unknown

Prob. 2 Find a test statistic A in order to test Ho: 0% = 0% v.s. Hy : 0% # 0.



Prob. 1-1 Find a test statistic for Ho : pux = py v.s. Hi @ px # py,

with ¢% and o% known.



Prob. 1-1 Find a test statistic for Ho : pux = py v.s. Hi @ px # py,

with ¢% and o% known.

Sol. R .
X-Y-— — X —
o (MXU2 MY) - 0.2 02 ~ N(O’ 1)
R .
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with ¢% and o% known.

Sol. . .
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Prob. 1-1 Find a test statistic for Ho : pux = py v.s. Hi @ px # py,

with ¢% and o% known.

Sol. R I
X-Y - (ux — X -
= (anz /’LY) _ = = -~ N(O,l)
At At

Test statistics: z =

Critical region |z| > z4/2.
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Prob. 1-2 Find a test statistic for Hy : ux = py v.s. Hi @ pux # py,

with 0% = 0% = % but unknown.

Sol. Composite-vs-composite test with:
w={(ux,py,0%) tpx =py €R,  o° >0}

Q= {(ux,py,0%) : px €R, py €R, 6 > 0}

The likelihood function
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Three observations:

1. E[X — Y] =0 and
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Three observations:
1. E[X — Y] =0 and

Var(X — Y) = Var(X) + Var(Y) = % 4+ Y =52 (7 + 7)

Hence, U;% ~ N(0,1)
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Three observations:
1. E[X — Y] =0 and

Var(X —Y) =

Hence, ;% ~ N(0,1)

—2 g2 x-Xx\?2 Y-y
2. HJ?Z 28/;:2:7:1< - ) +Zjn;l( =

n+m—2 Q2
L5575

Var(X) + Var(Y) = =%

2
Y) ~ Chi square(n+ m — 2)

~ t distr.(n+ m — 2)
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Prob. 1-3 Find a test statistic for Ho : ux = py v.s. Hi @ pux # py,

with 0% # 0%, both unknown.

Remark: 1. Known as the Behrens-Fisher problem.

2. No exact solutions!

3. We will derive a widely used approximation by

Bernard Lewis Welch (1911-1989)
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Il Assumption/Approximation:

Assume that V follows Chi Square(v) and assume that V L U.
= Then, W ~ Student’s t-distribution of freedom v.

? It remains to estimate v: Suppose we have
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n2(n 1) + m2( m 1) -1 m—1 \m

Il Still need to know 6 = 0% /o%... Another approximation § = S3/S%,
ie.,
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In summary:

W X=Y —(ux = py)

~ Student’s t of freedom v
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~ Student’s t of freedom v
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In summary:

W= XY )
o+

~ Student’s t of freedom v

i
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Test statistic: t = %‘X;’”)

Critical region: [t| > ty/2,,.

Remark If v > 100, replace the t-score, e.g., t,/2,, by the z-score, e.g., Z, /2.
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Thm The moment estimate for v
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Proof.

(n—1)S%/o% ~ Chi Sqr(n—1) = E(S%) = 0. Similarly, E(S}) = 7.
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