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Chapter 9. Two-Sample Inferences

§ 9.1 Introduction

§ 9.2 Testing H0 : µX = µY

§ 9.3 Testing H0 : σ2
X = σ2

Y

§ 9.4 Binomial Data: Testing H0 : pX = pY

§ 9.5 Confidence Intervals for the Two-Sample Problem
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I Let X1, · · · ,Xn be a random sample of size n from N(µX , σ
2
X ).

I Let Y1, · · · ,Ym be a random sample of size m from N(µY , σ
2
Y ).

Prob. 1 Testing H0 : µX = µY if σ2
X = σ2

Y .

Prob. 2 Testing H0 : µX = µY if σ2
X 6= σ2

Y .

I True means: µX , µY

I True std. dev.’s: σX , σY

I True variances: σ2
X , σ2

Y

I Sample means: X , Y
I Sample std. dev.’s: SX , SY

I Sample variances: S2
X , S2

Y
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When σ2
X = σ2

Y = σ2

Def. The pooled variance: S2
p =

(n − 1)S2
X + (m − 1)S2

Y

n + m − 2

=

∑n
i=1(Xi − X )2 +

∑n
j=1(Yj − Y )2

n + m − 2

Thm. Tn+m−2 =
X − Y − (µX − µY )

Sp

√
1
n + 1

m

∼ Student t distr. of n +m − 2 dgs of fd.

Proof. (See slides on Section 9.1) �
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When σ2
X = σ2

Y = σ2

Testing H0 : µX = µY v.s.

(at the α level of significance)

t =
x̄ − ȳ

sp

√
1
n + 1

m

H1 : µX < µY :

Reject H0 if

t ≤ −tα,n+m−2

H1 : µX 6= µY :

Reject H0 if

|t | ≥ tα/2,n+m−2

H1 : µX > µY :

Reject H0 if

t ≥ tα,n+m−2
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E.g. Test whether Mark Twain and Snodgrass are the same person by
checking the proportion of three-letter words at the 99% level of
significance.

Sol. We need to test

H0 : µX = µY v .s. H1 : µX 6= µY .

Since we are tesing whether they are the same person, one can assume
that σ2

X = σ2
Y .
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1. n = 8, m = 10,
n∑

i=1

xi = 1.855,

n∑
i=1

x2
i = 0.4316

m∑
i=1

yi = 2.097,

m∑
i=1

y2
i = 0.4406

2. Hence,
x̄ = 1.855/8 = 02319 ȳ = 2.097/10 = 0.2097

s2
X =

8× 0.4316− 1.8552

8× 7
= 0.0002103

s2
Y =

10× 0.4406− 2.0972

10× 9
= 0.0000955

s2
p =

(n − 1)s2
X + (m − 1)s2

Y

n + m − 2
= ... = 0.0001457

t =
x̄ − ȳ

sp

√
1
n + 1

m

= ... = 3.88
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3. Critical region: |t | ≥ t0.005,n+m−2 = t0.005,16 = 2.9208.

4. Conclusion: Rejection! �
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E.g. Comparing large-scales and small-scales companies:

Based on the data below, can we say that the return o equity differs
between the two types of companies?
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Sol. Let µX and µY be the average returns. We are asked to test

H0 : µX = µY v .s. H1 : µX 6= µY .

1.

n = 12,
n∑

i=1

xi = 223
n∑

i=1

x2
i = 5421

m = 12,

m∑
i=1

yi = 263

m∑
i=1

y2
i = 6157

2.
x̄ = 18.5833, s2

X = 116.0833

ȳ = 21.9167, s2
Y = 35.7197

w =
18.5833− 21.9167√

116.0833
12

+ 35.7197
12

= −0.9371932.

θ̂ =
116.0833

35.7179
= 3.250 ⇒ ν =

[
(3.250 + 1)2

1
11
3.2502 + 1

11
12

]
= [17.18403] = 17.
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3. The critical region is |w | ≥ tα/2,17 = 2.1098.

4. Conclusion:

Since w = −0.94 is not in the critical region, we fail to reject H0. �
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