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ABSTRACT. We study the asymptotic behavior of the counting function of negative eigenvalues
of Schrédinger operators with real valued potentials on asymptotically hyperbolic manifolds. We
establish conditions on the potential that determine if there are finitely or infinitely many negative
eigenvalues. In the latter case, they may only accumulate at zero and we obtain the asymptotic
behavior of the counting function of eigenvalues in an interval (—oo, —FE) as E — 0.

1. INTRODUCTION

We are concerned with the following type of problem: Let (X, g) be a C*° non-compact complete
C>° Riemannian manifold and let A4 be its (positive) Laplacian. Suppose that V' is a real valued
potential such that V' < 0 near infinity, H = A, + V is self-adjoint, its point spectrum o,(H) C
(—Ep,0) and the eigenvalues only accumulate at zero. The problem is to find conditions on V
which determine whether the point spectrum is finite or infinite and if it is infinite, determine
the asymptotic behavior of the number of eigenvalues (counted with multiplicity) in an interval
(=00, —F) as E — 0.

In the Euclidean case, it has been shown, see for example [24], that if V' is bounded and
if that near infinity V(z) < —C|z|72*°, § > 0, then H has infinitely many eigenvalues, while
if V> —C|z|727%9, 6 > 0 there are finitely many eigenvalues. The threshold decay of V(z)

for H to have finitely or infinitely many eigenvalues is therefore V(z) ~ F(w)|r|72, r = |z,

z = rw, w € S"1. Moreover, an application of Hardy’s inequality shows that if V(z) ~ —cr?,
_1)2 Y

there are finitely many eigenvalues when ¢ < % and infinitely many if ¢ > =" Precise

results on the asymptotics of the counting function of eigenvalues as £ — 0, in the case where
V(z) = r2(F(w) + &(r,w)) with &(r,w) = o((logr)~17¢) as r — oo were obtained by Kirsch and
Simon [14] and Hassell and Marshal [10]. We are not aware of similar results for asymptotically
Fuclidean manifolds.

While this problem has been well studied in the Euclidean space, it seems that it has not
been studied as much in hyperbolic space. We will work in the class of asymptotically hyperbolic
manifolds in the sense of [17], for which the hyperbolic space serves as a model.

The Poincaré model of hyperbolic space H" ! is given by the Euclidean ball of radius one

4d 2>
(12’

which is the interior of a C'"* manifold equipped with a metric which is singular at its boundary.

(1.1) B" ! = {z € R"™ . |2| < 1} equipped with the metric go(z) =
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The function p(z) = 1 — |z]2 € C®(B"*1), p=1(0) = S® = 9B" ! and dp(z) # 0 if |z| = 1, and
so it is called a defining function of 9B"*!, and moreover p?gy = 4dz? is a C* Riemannian metric

on the closure Bn+1, ]

Throughout this paper, X will denote the interior of a C*° compact manifold X with boundary
9X of dimension n + 1. We say that p € C*°(X) is a defining function of X, or a boundary
defining function, if p > 0 in X p=0at 0X and dp # 0 at 0X. We assume X is equipped
with a C* Riemannian metric g such that G = p?g is non-degenerate at X and so (X,G) is a
C* compact Riemannian manifold with boundary. According to [15], the sectional curvature of
(X ,g) converges to —|dp|a along any curve that goes towards 0X. The manifold (X ,g) is called
an asymptotically hyperbolic manifold, or AHM, if and |dp|g¢ = 1 at dX. One might relax this
assumption if X has more than one boundary component and 0X = Y UY>...UYy and |dp|c = K;
at Yj, k; is a constant.

The hyperbolic space serves as the model for this class of manifolds, and its quotients by cer-
tain discrete groups of fractional linear transformations having a geometrically finite fundamental
domain without cusps at infinity are also examples of such manifolds, see [1,17,21,22]. In fact our
results apply for manifolds with more than one boundary component and with different (constant)
asymptotic curvatures at each end. One important example from mathematical physics where
this occurs is the stationary model of the de Sitter- Schwarzschild model of black holes discussed
n [25]. In this case the manifold is X = (a,b) x S™, and the asymptotic curvatures are different
on both ends. ]

Let A4 denote the (positive) Laplace operator on an AHM (X, g). We know from [15, 16], see
also [3] that the spectrum of Ay, denoted by o(A,), satisfies 0(Ag) = opp(Ag) U 0ac(Ag), where

opp(Ag) consists of a finite number of eigenvalues in (0, ’Z—Q) and o4 = [%2, o0) is the absolutely

continuous spectrum. We shall work with A, — %2 which has continuous spectrum [0, 00). Let
V € L>®(X) be real valued and such that V(z) < 0 near X and V(z) — 0 as z — 0X. We shall
denote

n2 n2
(1.2) HozAg—ZandH:Ag—Z+V
We will show that under the assumptions on the rate of decay of the potential, the point spectrum of
H satisfies oy, (H) C [—Ep, 0), consists of eigenvalues of finite multiplicity and can only accumulate
at zero and its essential spectrum oess(H) = [0, 00), with no embedded eigenvalues, and the bottom
of the spectrum is not an eigenvalue. We want to count negative eigenvalues of H, and so for £ > 0,
we define

(1.3) Ng(H)=#{pj € (—o0,—E),E > 0: p; is an eigenvalue of H, counted with multiplicity}

If (X g) is an AHM and G = p?g, then the metric G|ox = hg, depends on the choice of p. In
fact, glven any two boundary defining functions p and g, we must have p = a(z)p, with @ > 0. If
G = p%g, then G = 2@, and in particular G lox = (a 2G)|8 x, and hence p?g determines a conformal
class of metrics at 9X. As shown in [9,13], given a representative hg of the class [p%g|sx] there exists
a unique boundary defining function z, a neighborhood U of 9X and a map V¥ : [0,¢) x 0X — U
such that

2
& | ho)

(14) \I}*g: 2 22 h(O) = hOa

where h(z) is a C*° one-parameter family of Riemannian metrics on 0.X.
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For example, in the case of the hyperbolic space (1.1), the geodesic distance with respect to the

origin is given by
1+ |z
r=os (12 5).

go = dr* + (sinhr)?d6?,
where df? is the standard metric on the sphere. If we set © = e™", then
_da? (1—2?)%de?

the metric gg is given by

go=—5 t——F "35>
x 4 x
In coordinates for which (1.4) is valid, the Laplacian with respect to g is given by
(1.5) Ay = —(20y)* — nxdy — Az, y)0, + azzAh(x),

where Ay, is the Laplacian with respect to the metric h(x) on 90X, and A = 0, log |h|, where
|h| is the volume element of the metric h. It is convenient to set x = e™*, and so

(1.6) Ay = —83 —nd, —e PA(p,y)0, + e_QPAE(p),

where A(p,y) = A(e™",y) and h(p) = h(e™").
From now on, (X, g) will denote a n + 1 dimensional asymptotically hyperbolic manifold and x
is a boundary defining function such that (1.4) holds and = e~?. We assume that V € L*°(X)

is real valued and we let H = Ay +V — %2 and Ng(H) be defined as above.
Theorem 1.1. Suppose that in some interval p € (pg,0), there exists a constant ¢ > 0 such that
(1.7) V(e y)=—cp 20 + 0(p~*(logp) ™), €>0and d <2, as p — .
If 6 <0, then No(H) < oo, but if € (0,2), then No(H) = oo and
1
(1.8) loglog Np(H) = 55 log E~'4+0(1), as E — 0.

One could choose the error to be O(p~2*° f(p)) such that Theorem A.2 can be applied; we pick
f(p) = (log p)~¢ for convenience. Notice that if # = e#(#¥)z is another boundary defining function,
then

p=—logx=—p—logz=p+0O(1), as p = o0,
so (1.7) does not depend on the choice of x.
In the threshold case § = 0, case we have the following
Theorem 1.2. Suppose that in some interval p € (pg, o),
(1.9) V(e y)=—cp 2+ o(p2(logp) ), c>0, €¢>0, as p — oo.
If ¢ < %, then No(H) < oo, but if ¢ > %, then No(H) = oo and

1
(1.10) loglog Ng(H) = —5 log E+O(1) as E — 0.

Our proofs in fact give somewhat more precise upper and lower bounds for Ng(H), and (1.8) and
(1.10) are used to unify these bounds and provide the asymptotic behavior of iterated logarithms

The methods we use do not allow us to treat the case where c is a function of y. However, we
can use these results to prove
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Corollary 1.3. Suppose that in some interval p € (pg, ),
(1.11) —c1p P <V (e y) < —cap T,

then we can say that

1. If 6 <0, then No(H) < oo.

2. If 6 € (0,2), then No(H) = oo and (1.8) holds.

8. If 6 =0 and ¢1 < 7, then No(H) < .

4. If 6 =0 and ca > 1/4, then No(H) = oo and (1.10) holds.

We can say more in the threshold case ¢ = i. For p large enough, we define
(1.12) log(jy p = loglog...log p, j times.

Theorem 1.4. Suppose that in some interval p € (po, 00), there exists a constant c¢; > 0 such that

(1.13) Ve P y) = _Zp_2 —cp2(logp) 2+ 0 (p_Q(log p)"%(log p)~¢), e>0.
If c1 < £, then No(H) < o0 and if ¢1 > %, No(H) = 0o and
(1.14) log(3) Np(H) =log) (E~') +0(1) as E — 0.

In fact this process keeps going indefinitely and the result holds if for some pg large, and p € [py, 00),
the potential has an expansion of the form

V(e ,y) = Volp) + O (Sn(p)(logp)~°), &> 0 where

(1.15) Vo(p) = —EP_Q 1 > Gi(p) + enSn(p),

2

S()(p) = p~*(log p)~*(loglog p) 2 ... (log(jy p) 2,

where ¢y 1s a constant. The existence of infinitely many eigenvalues depend on whether cy < i,
or ¢y > i. If ey < i there are only finitely many eigenvalues, but if cy > i,

(1.16) log(n 42y Ne(H) =log(x,1)(E~") + O(1) as E — 0.

Notice that the limit of Vi (p) as N — oo cannot be well defined for all p € [pg, 00) for some pyg
because the denominators will be equal to zero at points of the form p = e .

As in the case of Theorems 1.1 and 1.2, our proofs actually give better upper and lower bounds
for Ng(H) and this formulation is used to unify these bounds.

One should mention the work of Mazzeo and McOwen [18]. While the problems they study are
somewhat the opposite of the ones we study here, there are some similarities.

1.1. The Strategy of the Proofs. The methods used in the proof of Theorems 1.1, 1.2 and 1.4
are Dirichlet-Neumann bracketing and the Sturm oscillation theorem, which are standard for this
type problems.

For g9 > 0, let

(1.17) Xoo={z€ X :2(2) <ep}, Xo={z€ X :2(2) >ep}.
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So Xy is compact and X is a collar neighborhood of 0X. Let Y3, and T3, be the restrictions of
the operator H to Xy and X with Dirichlet (¢ = D) and Neumann (e = N) boundary conditions.
Since Xy is a C*° Riemannian manifold with boundary, it is well known that

c(YF)={M <A <A< M.} A ER, A — oo,
oY) ={m <po<ps<ps...}, pjeR, pj— oo

It is known that o.s5(TS) = [0,00), « = D, N, and no embedded eigenvalues, and the point
spectra

(1.18)

1.19) opp(T2)={M <X < A3...} \j <0, is finite or \; — 0,
. opp(TN) = {1 < p2 < pg...} pj <0, is finite or y; — 0.

Following Chapter XIII of [24], we will show that

(1.20) TVory <H<YY oYL,
and it follows that for any F < 0,
(1.21) Ne(Y§) + Ne(YE) < Ne(H) < Ng(T§) + Ne(TR).

But it follows from (1.18) that there exists N# > 0 such that for any F < 0, Ng(QY) < N#
and Ng(QF) < N#. We will show that if V satisfies the hypotheses of either one of the Theorems
1.1, 1.2 and 1.4, then for E < 0, both Ng(Y?2,), ¢ = N, D, have either finitely or infinitely many
eigenvalues. In case both have infinitely many eigenvalues, the corresponding counting function
of their eigenvalues have the same asymptotic behavior as E N\, 0, and therefore it gives the
asymptotic behavior of Ng(H).

2. THE SPECTRUM OF H

For the lack of suitable references, we shall briefly discuss some properties of the spectrum of H.
First we recall some results about of the spectrum of Hy from from [16,17]. Let = be a boundary
defining function for which (1.4) holds in a collar neighborhood of 9X. In these coordinates, the
Laplacian Ay is given by (1.6), so Ay is a zero differential operator in the sense of [17], and we
define the zero-Sobolev spaces of order k as in [17]: Let V(9X) denote the Lie algebra of C'*° vector
fields on X which are equal to zero at 9X. In coordinates (x,y) these vector fields are spanned by
{x@x,mayj, 1 < j <n} over the C* functions. Let

(2.1) HE(X) ={ue L2(X): WiWs... Wyu € L2(X), W; € V(0X), m <k}.

We know from the work of Mazzeo and Melrose [17] that A, with domain H3(X) C L*(X)
is a self-adjoint operator, we also know from [17], [15] and [3] that its spectrum consists of an
absolutely continuous part c4.(Ay) = [%2, o0) and finitely many eigenvalues in the point spectrum
app(Ag) C (0, "72) As above, we set Hy = A, — "72, and so the resolvent

Ry (N) = (Ho — A) ™' L*(X) = H5(X),

provided A € C\ ([0,00) U{A1,A2,...,AN}),

where \; € (—”742, 0) is an eigenvalue of finite multiplicity of Hp. By definition, the resolvent set of
HO is
(2.2) p(Hp) = C\ ([0,00) U{A1,...An}), Ajis an eigenvalue of Hy.
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To analyze the spectrum of H, we begin by observing that for A € p(Hp),

n?

(2.3) (Ay+V — T ANRu,(A) =1+ VRpy,(N),

Since
R, (\) : L*(X) — H2(X) is a bounded operator for A € p(Hy),

then if x; € Cgo();'), X;j(z) =1 in the region z(z) > % and x;(z) =0if z(2) < it follows that

1
JESE
Xi(2)V (2) Ry (A) : LP(X) — HE(X)—LE(X),
where the subindex c¢ indicates compact support. Notice that since supports are compact we
can use either HZ(X) or the standard Sobolev space H*(X). It follows from Rellich’s embedding
Theorem that for fixed j,
Xj(2)V (2) Rz () : L*(X) — LE(X)
is a compact operator. Since V € L>®(X) and V(z) — 0 as z — 0X, it follows that
X3 (2)V (2) Rizo (A) = V(2) Ry (M) g(22(x)) = 0 as j — 00

in the operator norm, and so we conclude that V Ry, (\) : L?(X) — L?(X) is a compact operator,
provided A € p(Hp). But we also know that for Im A << 0, the operator norm of Rp,(\) is less
than or equal to ﬁ, see for example Theorem V1.8 of [23], and therefore (I 4+ V Rpy,()\))~! is
bounded for Im A << 0, and | Re A\| > 1. Then Fredholm Theorem, see for example Theorem VI.14

of [23], guarantees that with the exception of a countable set of points, which are poles of R (),
Ru(\) = Ry,(\)(I+ VRy, (M)~ for A € p(Hy).

Moreover the poles of Ry () in p(Hp) consist of a countable set {y;, j € N} C (—o0,0) such that
p; are eigenvalues of H with finite multiplicity. This set is either finite, or infinite. If there are
infinitely may eigenvalues, they accumulate only at zero.

Finally, since V R, () is compact for A € p(Hy), it follows that the operator

VLX) — L*(X)
fr— V(Z)f
is relatively compact with respect to Hy and it follows from Weyl’s Theorem, see Theorem 14.6

of [11] that oess(H) = o(H) \ opp(H) = 0ess(Ho) = [0, 00).
Therefore we have

Theorem 2.1. Let (X, g) be an AHM, let V € L>°(X) be real valued and suppose that V(z) — 0
as z = 0X. Then oess(H) = o(H) \ opp(H) = [0,00). Moreover, the resolvent

Ru(\) = (H — N1 LA(X) — HZ(X) is bounded for A € C\ ([0,00) UD),
where D = {1, po, ...} C (—00,0), with pjr1 > pj, is a bounded discrete set (in (—o0,0)) which
consists of eigenvalues of H of finite multiplicity.

We also have the following

Theorem 2.2. Let (X, g) be an AHM, let x be a boundary defining function such that (1.4) holds.
Let Xoo = {2z € X : 2(2) < x0} and let T2, ® = N, D denote the operator H with Dirichlet or
Neumann boundary conditions in Xoo. If V(2) = 0 as z — 0X, then 0.s5(Y3) = [0, 00). Moreover,
there are no embedded eigenvalues.
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The fact that oess(Y3,) = [0,00) is a consequence of Theorem 2.1 and Proposition 2.1 of [5],
see also Theorem 9.43 of [2]. The proofs of these results are actually for the Dirichlet boundary
conditions, but they work for Neumann conditions as well. The fact that there are no embedded
eigenvalues is due to Mazzeo [16], see also [2,3]. The point is to show that if there were eigenfunc-
tions in L?, they would decay exponentially and a Carleman estimate shows that they are actually
equal to zero. The argument takes place in a neighborhood of X and also works for T2_.

3. DIRICHLET-NEUMANN BRACKETING

One can view the operator H as the unique self-adjoint operator on L?(X) whose quadratic
form is the closure of

(3.1)
2

2 .. — p—
Qo) = (Vg V) 1y H(V = T8 0) o ) = /X 490,005 vol, + /X (V= 2 ) vol,,

o

with ¢, € C2°(X).

The domain of the quadratic form @ is HE(X) x H(X), defined in (2.1).
Let z be a boundary defining function such that (1.4) holds and for € > 0 let X and X, be as
defined in (1.17). We consider the quadratic forms to be the closure of

QP (Xo)(p, ¥) = Qp, ¥) with @, ¢ € C5°(Xo),

QY (Xo) (0, ¥) = Q(i,¥) with ¢, 8 € C®(X0), ul{r=se} = 0s¥l{amro} = 0.

It turns out that the domains of these quadratic forms are
D(QP(Xy)) = HE (Xo) x HL(Xo), HL(Xo) = C5°(Xo) with the HL (X) norm,
D(QN(Xo)) = H'(Xo) x H'(X0), H'(Xo)={p € L*(Xo):3 f € Hi,(X), f =g in Xo}

(3.2)

The self-adjoint operator operators corresponding to @ (Xg) and Q™ (Xg) are defined to be the
operator H respectively with Dirichlet and Neumann boundary conditions, which we denote by
TOD and Tév respectively.

Similarly, we define the quadratic forms

QP (Xoo) = Q. ¥), .9 € CF°(Xoo),
QN(XOO) =Qp,¥), ¢, € C™(Xso) N f]'f%(Xoo) 8az€0|{z=xo} = a:ﬂ/”{x:xo} =0.
The domains of their closure are

D(QP(Xoo)) = W(Xoo) X W(Xoo), Wh(Xoo) = C2°(Xoo) with the H}(X) norm

D(QN (Xoo)) = Hp(Xoo) ¥ Hg(Xoo), Hi(Xoo) = {0 € L*(Xoo) : 3f € H(X); f = ¢ in Xoo}.

(3.3)

The corresponding self-adjoint operators are defined to be T2 and T which are the operator H
with Dirichlet or Neumann boundray conditions on X .

We follow section XIII.15 of [24] and define the direct sum of self-adjoint operators: If Aj,
Jj = 1,2, are self adjoint operators acting on Hilbert spaces £;, j = 1,2, with domains D(A4;),
j=1,2, let

L=2L1® Ly and Ay @ As(p1, p2) = (A1d1, Aaga), ¢ € D(A), j=1,2.

It is proved in section XII.15 of [24] that
1. Ay @ A, is self adjoint.
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2. The associated quadratic forms satisfy Q(A; @ A2) = Q(A1) ® Q(Az2).
3. If N(\,A) = dim P(—oo,)\) (A), then

(3.4) N(A A1 @ Ay) = N(A\ Ap) + N(A, Ag).
In our case, we have four natural operators T*(X() and T*(X), ¢ = D, N. Notice that
H} (Xo) @ Wi(Xso) € HE(X), and that for ¢ € C°(Xg), 1 € C(Xoo),
QP (X0) (¢, %) + QP (Xoo) (¥, 9) = QH)(0, ) + QH) (1, )).
On the other hand, if ¢ € H}(X),
plx, € F(Xo) and ¢[x., € Hp(Xoo),
this means that
H(Xo) € HH(X) @ H(Xoo), and for ¢ € H(X),
QY (X0)(#,0) + Q" (Xoo) (2, 0) = QUH) ().

If A and B are self adjoint operators defined on a Hilbert space £ and Q(A) and Q(B) are their
corresponding quadratic forms with domains D(Q(A)) and D(Q(B))

Q(A) (g, ) = Ml[¢ll, ¢ € D(Q(A)) and Q(B)(,v) = MI[¢[l, ¢ € D(Q(B)),
we say that

A< Bif D(Q(B)) C D(Q(A)) and Q(A)(¢,0) < Q(B)(p.¢), 0 € D(Q(B)).

This translates into the following

Proposition 3.1. Let Xg, Xoo, HP(X,) and HV (X,), ® = 0,00, be defined as above, then

(3.5) TV oTY <H<TYP oYL,
It follows from (3.4) that if £ > 0,
(3.6) Ne(Y§) + Ne(YE) < Ne(H) < Ng(T§) + Ne(TR).

Since Y{ and Y}’ are Schrédinger operators with C° potentials on compact manifolds with
boundary, their spectra satisfy (1.18). We will show that the point spectra of both T2 and T
are either finite or infinite. In the latter case, we will show that both have the same asymptotic
behavior as E goes to zero, and so this gives the asymptotic behavior of Np(H) as E — 0.

3.1. Model Operators on X,,. Our analysis will be restricted to a small enough collar neigh-
borhood of 90X = {z = 0} and we pick = to be a boundary defining function such that (1.4) holds
for g and so Ay is given by (1.5) and the corresponding quadratic form for H on X, with Dirichlet
or Neumann boundary conditions defined in (3.3) is given by

2

@)= [ (00000 + 1040) 00, 00000, ) + (v = )i ) LTy,

0,1 €Wh(Xo), if e =D, ¢, € H}(Xo), if = N.
Recall that by assumption
Vi(z,y) = —Vo(z) + O(Vi(z)), Vo(z) >0 and Vi(z) >0,
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with V and Vi(z) satisfying either (1.7), (1.9) or (1.15), and p = —logx. Since hj,(x) = h;j1(0) +
xh;i(x) and h(0) is positive definite, then for o small there exists v > 0 and a > 0 such that

def

Q*(Xoo) (0, 0) < QL (Xoo) (s ) =
Y h(o)dydx

/omo /8X <‘9€6x<,0|2 + hjk(o)(xayj‘»o)(xayk@) (1+92) zn

zo n2 n+1l h(0
[ [ (vt + avito + owir@) = o Yo+ ) s
0 0X T
Wi (@) = (Vo +aVi — =) ———r (1 1+ yx)m) ,
(1+2) 5

QOGW(I)(XOO)’ if e =D, Soegif(l)(Xoo)a if e=N.

and

Q*(Xs0) (0, ) > Q% (Xoo)(p, ) &

o 4
/0 /ax <\x6x80!2 + hﬂk(O)(mﬁngo)(mﬁyk@)) (1 — yz)n—t oS dydz

—
>

—~
()

=

/on /8X (_Vb(a:) —aVi(z) +a2W (x) — 2) lp2(1 — ’yx)zi—} w:ﬁ?) dyda,
n? 1
fo(SC):(—VofaVl——)inl< 7(177@”71)’

-y
o € WN(Xan), if o =D, ¢ RH(Xo), if 0= N.
Notice that the quadratic forms Q% (X,) correspond to the operators

2
My = Ay, + Vo(z) + aVi(z) + 2W) (z) — " and

4
n2
Mo =47, +Vo(x) —aVi(z) +2W] (z) — T
where
2 dx*  h(0
g = (14 70) 71 (2 1O g
(3.7) z T
> dx®>  h(0)

g- =0 =n2)"=T(—5 +—5)

We define M%, ¢ = N,D to be the corresponding self adjoint operators with Dirichlet or
Neumann boundary conditions. To emphasize the difference, we will use the notation Q% (X ) =
Q*(My), @ = D, N. Therefore we have shown that

QP (M) (¢, ) < QP (Xuo)(p,0) < QP (ML) (9, 9), ¥ € WE(Xwo),

3.8 _
(35) .8) < OG0 g), o € FH(Xo).

.}
P
B
%
s
INA
O
=
=
8
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Notice that the L?(X,.) spaces defined with respect to g or g+ are the same, with different but
equivalent norms, and there are constants Cf, 7 = 1,2 such that

o i llellzz < liellze < Cyllellie -
3.9 - -
Cliellzz. < llellzz < CHllellzz -

So the quadratic forms Q°®*(M4) and Q*(X~), ® = D, N, have the same domain, but are defined
with respect to different norms. However, (3.8) makes sense.

We also remark that one may extend the metrics g+ to the manifold X, so that it becomes an
AHM, and as a consequence of Theorem 2.2 we obtain

(3.10) Oess(M%L) =[0,00), =D, N.

We now appeal to the following characterization of the eigenvalues of a self-adjoint operator,
see for example page 1543 of [7] or Theorem 3 of [26]:

Theorem 3.2. Let H be a separable Hilbert space with inner product (u,v) and let A be a self
adjoint operator corresponding to a semi-bounded quadratic form @ with domain D(Q). Suppose
that the essential spectrum of A, oess(A) = [0,00), and its point spectrum satisfies

opp(A) ={M <A <.}

Foru € D(Q), u#0, let R(u) = Q) genote the Rayleigh quotient, and for n € N, let

{u,u)
tp, = inf{max{R(u),u € B such that B C D(Q) is a subspace dimB = n}}.

Then py, < 0. If pup, = 0 then A has at most n — 1 eigenvalues \; < 0, counted with multiplicity. If
tn < 0, then p, = A, is the n-th eigenvalue of A counted with multiplicity.

The important aspect of this characterization is that there is no orthogonality required, as would
be the case if we switched the order of max and min.
Recall that the domains of these quadratic forms satisfy

D(Q°(My)) = D(QP (X)) = Wi(Xoo) X Wp(Xoo) and
D(QY(M4)) = D(QY (Xo0)) = Hy(Xoo) x Hp(Xoo),
and if we put together (3.8) and (3.9) we obtain
1970 ) (e ) _ QP (Xao)(pp) _ 1 QP(ML)(e ¢)

Cy Apo), 7 {ew), T OT (e 90>L§+ ’
1AM (e 0) _ QV(Xe)(pi0) _ 1 QV(M)(p,¢)
Cy e, = leel, T e ¢>L§+ ’

and as a consequence of Theorem 2.2 and Theorem 3.2 and (3.10) we arrive at the following

Proposition 3.3. Let \j(T2) and \;(MZ%) denote the eigenvalues of the operators with Dirichlet
boundary conditions. Similarly, let ; (YY) and p;j(MY) denote the eigenvalues of the operators
with Neumann boundary conditions. If M® has finitely many eigenvalues, so do M% and T3,
e = D, N. If M has infinitely many eigenvalues, so do M* and Y3, @ = D, N and if Cj[, j=12

o0
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are as defined in (3.9), then for all j,
1 1

——N(MP) < N (YD) < (),

Cy )

(3.11) ;

Fﬂj(Mj_v) < ui(Y%) <

< —p (V).
5 Cii» J +

In particular, in the case there exist infinitely many eigenvalues, then for all E < 0,

(3.12) N (M) < Np(T%) < Nps p(M3), o =D, N

4. THE ASYMPTOTIC BEHAVIOR OF Np(M%), e=D,N As E — 0

We will show that under the hypotheses of Theorems 1.1, 1.2 and 1.4, both M¥ and M¥ finitely
many negative eigenvalues, or both have infinitely many, and in the latter case, depending on the
potential Vp, the counting functions Np(M%), ¢ = D, N, have the same asymptotic behavior
E — 0, given by Theorems 1.1, 1.2 and 1.4. More precisely, we will prove the following

Proposition 4.1. Let M?%, e = D, N, be defined as above and let Np(M?2.) denote the corresponding
counting function of eigenvalues. We have the following:

T.1 Suppose Vo(e™?) and Vi(e™P) satisfy (1.8). If po is large enough and 6 < 0, then M%. has no
negative eigenvalues, but if 6 € (0,2), then Np(M%) satisfies (1.8).

T.2 Suppose Vo(e™") and Vi(e™) satisfy (1.9). If po is large enough and ¢ < %, then M% has no
negative eigenvalues, but if ¢ > 1, then Np(M%) satisfies (1.10).

T.3 Suppose Vo(e=P) and Vi(e™P) satisfy 1.15. If po is large enough and cy < i, then MY has no
negative eigenvalues, but if cy > % then Np(M$.) satisfies (1.16).

These results, together with equations (3.12), (3.6) and (1.18) respectively prove Theorems 1.1,
1.2 and 1.4.

We will consider the Dirichlet and Neumann eigenvalue problems in Xo, = {x < 2o} for the
operators My defined above. We will drop the + sub-indices and work with v,a € R. We will
assume that xg is small enough so that z|vy| < % for x < x9. We will work with the metric

2 dz*  h(0
92(1+7:L“)"1(52+£2)).

We find that
Ag = —a" T, (N T0) 4 T Ay, F(e) = (L)

To get rid of the factor %2 in M%, we observe that

n2

72 (Ag — Z)x% = — " 20, (f" T a0y) + 2 f T Apo) — ng, A=y, mh

So we want to study the eigenvalue problems

(—f_Q”(f”_lxax)Q + 222 Ap0) — ng —Vo(z) + aVi(z) + 2W(zx) + E) uw* =0, E>0,0=D,N,

uP (z0,y) = 0 or dyu® (z9,y) = 0.
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We multiply the equation by f2", and use that f2"(x) =1+ xf(:v), and we arrive at

(—( £ 20,)% + 22200 A o) — V(@) + aVa(x) + 2 W(z) + E) w*=0, E>0,6=D.N
P(z0,y) =0 or d,uN (zg,y) = 0.

u

and we define r to be such that

@:dix, r=0ifx =0,
r (1 4 yx)?

and we find that
(4.1) z=r+rX(r), XeC>(0,1),
and the equation becomes
(—(7“87«)2 + 731+ rF(r)Ap) — Vo(r) +aVi(r) + rW(r) + E) u*=0, £E>0,e=D N
uP (rg,y) = 0 or dul (rg,y) = 0.

Notice that W(T) will depend on E, but only with a term of the form Fuv(r) with v bounded.
Finally, we set r = e, p € [pp, 20), and the equation becomes

Mu® = —Eu®, o= D,N u”(pg,y) =0 or d,u" (po,y) = 0, where

4.2 ~
) = gl Ay — Vole™) + aVa(e) + ), alp) =1+ B(p).

We decompose u®(p,y) in Fourier series with respect to the eigenfunctions of Ay :

Y) ZZU;(P)%‘(Z/), ui(p) = (u®(p,4), %5 (W) 12y nioy WhETE
=0

(4.3)
Apoy¥s = pithj, 0=po < pn < pg <pz...
Let
U; = the eigenspace corresponding to p; and define
(4.4) ! Hj

m(p;) = dimU; = multiplicity of p;,

and so we have that

L*(Xo) = P U;, and M* = @M’ e =D, N, where
(4.5) =1

d\? ~
0= () + e alohs — Tale ) + avi(e )+ e TG,
For each j, M%, e = D, N, are self-adjoint operators, and it is well known that O'ess(M;) = [0, ),
see for example [8]. We prove in Appendix A that they have no eigenvalues in [0, 00), so they have

only negative eigenvalues which only possibly accumulate at zero. It also follows from (4.5) that
if £ >0,

dim P —py(M®) = > m(p;) dim P_oo _g)(M$), ® =D, N,
7j=1
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or in other words,

o
(4.6) Ne(M®) =" m(u;)Np(M}), o= D,N,
j=1
where as above, Ng(A) denotes the number eigenvalues of the operator A which are less than —F,

counted with multiplicity.
The eigenfunctions u} (p, E)(p), ® = D, N, with eigenvalue —FE satisfy
(M5 + E)uj =0,
(4.7) D N N B
uj (po, ) = 0 or dyu; (po, E) = 0,
For E > 0, we will consider the Cauchy problems
(48) (M5 + E)uj(p, E) =0, e=D,N,
4.8
uj (po, B) = 0, 97 (po, E) =1 or uj (po, E) =1, 9puj (po, B) =0

which have unique solutions in Xo. Notice that u}(p, E) exist for every E and are not neces-
sarily eigenfunctions. In fact, it follows from Theorem A.2 in Appendix A that u;(p, E) is an

eigenfunction if and only if u$(p, E) ~ CeVE as p — oo.
The key point of the proof Proposition 4.1 is

Proposition 4.2. Let u;(p, E), ¢« = D, N be the unique solutions of the corresponding Cauchy
problems in (4.8). Let Z]'(E) denote the number of its zeros, which are different from p = pg in
the case @« = D. If E < 0, then

(4.9) Np(MS) = Z3(E), o =D,N,

and as a consequence of (4.6) we have

(4.10) Np(M*) =Y m(y;)Z;(E), =D,N.
j=1

This result is somewhat well known and its proof is essentially, but not quite, the same as the
proof of Theorem XIII.8 of [24] and for the convenience of the reader, we provide the details in
Appendix B.

4.1. The Set up of the Problems. Now we have to count the zeros of solutions of (4.8). We
set up the general type of problem for V as in Theorems 1.2, 1.1 and 1.4. The arguments we use
do not depend on the boundary condition, so we work with the Dirichlet problem in (4.8). We
consider the problem

d2

(4.11) <_dp2 ~Vo(e ) + e (1+ B(p)e ")u+ E+aVi(e”) + e—PVV(p)> w=0, E>0,

u(po) =0, Jpu(po) =1,

where B(p), W(p) € C*([po, 50)) N L ([po, 0)).
We will denote

(4.12)
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and (4.11) is reduced to

d? _
(-4~ W) + 20+ R(0) ) u=0, B>
U‘(p()) = Oa

We will deal with each case (1.7), (1.9) and in general (1.15) separately.

(4.13)

4.2. Proof of Item T.1 of Proposition 4.1. In this case Vy(e™?) = c¢p~2+°. We multiply the
equation by p?~%, and notice that

s d 1 6.
(—<pl Ly e 10 5+e<p>)w:o,

w(pg) = 0, where
&(p) = p*°(P(p) + R(p))
Set t = %‘\/E p%, and in this case (4.14) becomes

2 2 -2 5
(—;; — 1 e+ 4.0- ) (55) )w —0, 1= Ve sk
w(tp) = 0.

The case § < 0 : Recall that by assumption,
Vi(e™) = p*°(logp) %, £>0,

and therefore p>°R(p) — 0 as p — oo. Since P(p) > 0, there exists tg > 0 independent of E and
w such that for t < ¢,

(4.15)

2 —2
ww:-4+iamwmxiu—i)<i%> >
1 13|

Cay Lpmy e ta o B (YT L
gl W T o ye ’

and so w(t) is a solution of a differential equation

d*w )
(4.16) iz = UQ)w, t <to, with U(t) >0,

w(tp) =0

We have three possibilities for w’(tg) : w'(tg) = 0, or w'(tp) > 0 or w'(ty) < 0. If w'(ty) = 0, then
by uniqueness, w(t) = 0 for t < to. If w'(tg) > 0, since w(t) is C°, there exists t; < to such that
w'(t) > 0 for t1 < t < tp and so w(t) < 0 for t; < ¢ <ty and therefore, w”(t) < 0 for t; < t < to,
and so, w'(t) < w'(tp) < 0 for t; < t <ty and w(t) < 0 for t; < t < ty. Repeating this argument
we conclude that w(t) < 0 for all ¢ < t. If w'(¢y) < 0, since —w(t) also solves the equation, then
w(t) > 0 for all t < ty. Therefore we conclude that either w(t) = 0 for all ¢ > to or w(t) has no
zeros for t > tg.
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In this case we conclude from (4.10) that for this choice of po,
(4.17) Ng(M®*) =0, e=N,D.

The case 0 < § < 2 : In this case, in view of the discussion above, the set of zeros of the solution
w is contained in the set
1 52

1——)p72).

1
{p>po:—1+ E&(p(t)) < 0}, where &1(p) = p> (P + R+ 1( 1

Recall that
R(p) = aVi(e ) + e "G(p), with V(e ) = p~ 2 (logp)~¢, &> 0,

and so there exists pg, independent of p and FE, such that
1 82 s

(4.18) L2 (p) + (1 - 2)p

1
< = for all .
c e 4 S g erale=m

Therefore, for this choice of py,

1 3 20 _ _
{p>p0: —€1(p) <5} C{p > po: (B + pe (14 Blp)e ")) < 2},

and for pg large

2-5 2-5
1
{p=po: pT(E +pe” (14 B(p)e ™)) <2} C{p>po: pT(E + §N€72p) <2} C
(4.19)
E
{p=po:=p""<2}N{p>po: QﬂpHe_Q” <2}
c c
Also, if pg > 4, the set {p > pp : %p2_5(E + $ue~2) < 2} is either empty or
p2—5 1 5
{p=po: . (E+§M€_ P) <2} =lp1.p2], po < p1 <p2,

and this is because if F/(p) = p?~°(E + Sue2°), then
F(p)+ F"(p) = (2—06)p *(E+ %ue‘Q”)(p +1=06)+4pp' e (p—2(2 - 9)),
and therefore, if F'(p) = 0, then F"(p) > 0, so if F(p) has a critical point, it is a local minimum.
So if we take py such that 1
Ep§_5 =2, 50 p2 = <20> o ;

c E

9 is an increasing function, then

and since p?>~
E
—pPT0 < 2for p < po.

But in view of (4.19) if p < pg, 2p?7°(E + $ue=2F) < 2, only if u satisfies

4c 4c 20325 def
= p2—0 e < 20 ¢ = 2Be(¥) = Fos.ur
2

then
1
~& <
e (p) <

N W

provided pg < p < pg and p < py ;-
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As usual, see for example Chapter 8 of [4], to count the zeros of w one sets

t
6(t) = tan~* <Z))’((t))> , where w(t) satisfies (4.15).
The number of zeros of w in an interval [ty t5], coincide with the p number of times 6(t) = k, for
some k € N. But it follows from (4.15) that

do ()% —w'"w 1 w?
4.2 —=——=1—--E(t —
( O) dt 'UJ2+(’LU/)2 c 1( (p)) w2+(w/)2 )
and since 1&1(t(p)) < 3, it follows that ‘fl—(z’ < 3, and so
2 5
(4.21) O(ts) — O(t1) < 3(ta — t1) < 3ta, to = ﬁpg.

J
Therefore if Z(w) denotes the number of zeros of w(t), the Z(w) < 32, But

L s /e (2 055
2=y T s e ’
and so we conclude that for E small
5
. 6y/c [ 2\ 229 .
Z3(E) < 5 <0E> for all j,
and so in view of (4.10), as E — 0, we have for ¢ = D, N,

) )
. N 2\ 2(2-9) 2\ 22-93)
e < 3wz <0 ()T 8 mitw) =0 (5) N, (B
BiSHg BB
where Ny (Ap()), is the number of eigenvalues of A,y which are less than or equal to x counted
with multiplicity. Weyl’s Law, see Corollary 17.5.8 of [12], says that
(4.22) Ni(Ap)) = Ok + O(k" 1),
and this implies that

) )
. 2\, 2\TET [ 2yt \"
NE(M ) <C <E> Py = C <cE) <E’e(cE) ) ,

C

and we find that )

5 6logE71 +0(1), as E— 0,

log log Np(M*) <

which is the upper bound of (1.8).
To obtain a similar lower bound, we will find an interval [p1, p2], such that p; > pg, with pg as
in (4.18), and

p275

1 1
- (B + §M€_2p) <7 for p € [p1, pa]-

In that case it follows that 1€1(p) < 3 and we deduce from (4.20) that

0t2) — 0(t1) > 312 — 1),

and so Je
2\/c & .
47_[_(t2 - tl)a t] = Tp;7 J = 172
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2—6

Notice that, since Ep?~9 is an increasing function and pp?~%e~27 is an decreasing function, we

choose py such that
E o5 1 ¢\ =5
Pz Y P2 = <87E> )
and for p; = % p2, we only pick such that

Ho9_s o 2P1 <}
20p1 -8’
but this implies that
c 2 € 2 _ (% )2 5 def
< 4Pt < — P2 — 9Fe e .
M - 4p%76 4p27 /"L(S,L

Therefore, for this choice of p1 and py, and p < p, , it follows that 1 P> 5( pe=% + F) <

[2p2, pa]. Therefore,
28 2 -t = 20 (o=l ) 2 250 (1- ()t 2 ()

It follows from (4.10) that as £ — 0,

=

[N

NeO®) 2 3 myu)Z(B) = C ()7 () 2 € ()7 Bren(ss) ™,

8E
BiSHs g,

and this shows that

loglog Ng(M*) > log B~ +0(1) as E — 0.

-9
This ends the proof of item T.1 of Proposition 4.1 and together with equations (3.12), (3.6) and
(1.18) it also ends the proof of Theorem 1.1.

4.3. The Proof of Item T.2 of Proposition 4.1. In this case Vo(e ™) = cp~2, Vi(e ) =
p~*(log p)~¢, and

d2
<_CW —cp 24+ R(p) + '.P(p)) u=0, E>0,
u(po) =0,

where R and P are given by (4.12). Next we multiply the equation by p?, set u = p%w and notice
that

(4.23)

1 1
4.24 2 (pP—)%p2 = (p—)2 — =
(4.24) p2(p dp) p? (pdp) T

then (4.23) becomes

(4.25) ~vg,

where
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Set s = log p, and (4.25) becomes

(-5 =D eli) ) w=o

w(sp) = 0, where so = log(po).

(4.26)

The case ¢ < 1 : Since P(p) > 0, and p*R(p) — 0 as p — oo, there exists R > 0 independent of y
and E such that

1 1
(7 =9 +E&p) 2 (3 =)+ pR(p) >0, for po > R.

Therefore, we have an equation as (4.16), with U(t) = (; —¢) + &(p(s)) > 0 and so w has no zeros,
and again we conclude from (4.10) that for this choice of pg, (4.17) holds.

The case ¢ > 1 : We set t = As, A = (c — i)% and (4.26) becomes
d? 1
—— — 14+ <&(p(t =0
(4.27) ( gz L ))> =0
w(tp) = 0, where tg = Alog(po),

The argument used above shows that the zeros of the solution w of (4.26) lie on the set

2
(> 102 A (R(p(0)) + P(o11)) < 1.

We pick pg large so that |p?R(p)| < %, for p > po, and therefore,

2
(0= 5 (R(0) +2() < 51 C 1= o

But we have

Lemma 4.3. Let f(p) > 0 be a C* function such that f"(p) > 0 and f(p) > f'(p) for p > po.
Then the function F(p) = f(p)(E + pe=2P) is conver and therefore the set

i

1
)\2 (E + 5#6_2[)) S 2}'

1 _
QE, 1, C) = {t > to : f(p)(E + Spe™) < C}
is either empty or is equal to an interval [p1, p2] with p1 > po.

Proof. We find that

(o) = () + ge) + 4u(f(p) ~ f'(p))e > 0.

Therefore, since p = p(p),

I

{PZPOZ)\Z

1 _
(E+ FHe Py <2} = [p1, pal,
but we also observe that
P2 1 —2p E , B9 _2p
(428)  {pzpo: H(E+gue™™) <2y C{p=po: 50" <2}N{p2po: 5gpie ™ <2}
As above one sets

0(p) = tan* (w/((;;))) , where w(p) satisfies (4.27)

g
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and then (4.20) holds, and since 5 L(E + fpe~?P) < 2, it follows that ’ ‘ < 3 and so

(4.29) O(t2) — 0(t1) < 3(t2 — t1) < 3ts.
Therefore if Z(w) denotes the number of zeros of w(p) we have
2 3t
Z(w) = ~(0(t2) — B(tr)) <~
It follows from (4.28) that if po is such that

E 2
ﬁp2:2a

™

then )\—Ez p? <2, for p < pa. So we conclude that for F small
2

o A A2 1
Z;(E) < ;log( E) <ClogE 2as E—0

But on the other hand, according to (4.28) we must have

427, 4)\
pe e < Spom apVE =

and so ﬁ—z(E + 2e72Pp} < 2 on an interval [po,pg]. and in view of (4.10), as E — 0, we have
) ° _1 _1
Ne(M*) < > mi(u)Z}(E) < Clog B2 > my(uy) = Clog E"2N, (Ay)),
H5 <ty Hs <ty

and because of (4.22) this implies that
Ne(M®) < Cuy log Ez.
and it follows from the definition of p,, that

1
loglog Ng(H) < —ilogE—F O(1)

which gives the upper bound in (1.10).
To prove a similar lower bound for Ng(H) will find an interval [p;, p2] such that

o2
)\2
and so it follows from (4.20) that d0 > 1 7 and so 6(t2) — 0(t1) > %(tg —t1) and

]_
Z(w) > 47(752 —tl), t; = )\logpj, 7=12.
7

1
(B + Sue) <2 on [py, pol,

Since Ep? is increasing we pick ps such that

E , 1
ppz -y
and so f—QpZ < %, for p < pa. Pick p; such that p; = ﬁpg, with M to be chosen, and we want

(4.30)

o1t =g
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thus

2

(4.31) o< )‘7@2/)1 < X o g e

4p7 4P2
Since t; = Alog p1 and t3 = Alog pa, we can choose M, independent of ' and p, such that

1 A P2 A

Z —(ta —t1) > —1 = —logM > 1.
()2 (2 =) > frtog () = X tog i >
Again we conclude from (4.10) that for g, as in (4.31),
NeM®*) > > mi(u)Z5(E)+0(1) > C > myp;) = Cpl.
Hi<pp Hi<pp
This gives that
1
loglog Ng(M*®) > —QlogE +0(1),

which is the lower bound in (1.10) and proves item T.2 of Proposition 4.1 and togeth
equations (3.12), (3.6) and (1.18) it also ends the proof of Theorem 1.2.

er with

4.4. The Proof of Item T.3 of Proposition 4.1. We first consider the case N = 1 in (1.15)

and we have equation (4.13) with

1
Vo(e™?) = 4o~ + eap *(log p)* and Vi(e™?) = p~*(log p) *(log p) .

We multiply the equation by p?, set u = p%w and use (4.24) and we obtain

(—(p0,)* = c1(log p) =2 + p*E(p)) w = 0, E(p) = R(p) + P(p).
w(po) = 0.

Now we set & = log p, multiply (4.32) by ¢2 and set w = fév, use (4.24) and we obtain

(-~ — (e~ P+ E10(€) ) 0 =0, €1(0) = pP(log e ).

v(&o) =0,

As before, if ¢; < %, v has no zeros for £ > &y, and so it follows from (4.10) that M®,
have no eigenvalues.

(4.32)

If ¢ > %, set A\; = (c1 — %)% and set 7 = A1 log&, and we obtain

1
(—32 1+ )\28 1(7 (p))) v=0, T=Alogy)p
v(19) = 0.

As before, we assume that pg is large enough so that

2

N =

- PlosR) | <
1

e=N.D

)
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and for this choice of pg, consider the set

1 3 1
{p = po: 15 (plog p)*(R(p) +P(p) < 5} C{p > po: 35(plogp)*R(p) <2} C
1 1
b 2 .M 2 -2
{p2po: 35(plogp)” < 2}0{p 2 po: Fip(plogp)e™™ < 2}.
1 1

Since f(p) = e+~ = p?(log p)? satisfies the hypothesis of Lemma 4.3, we deduce that

1 1
{p>po: p(plong(EJr She 2Py < 2} = [p1, pal,
1

but then we must have

E
1z (p2logpa)* <2
1

2 [2X}
= Ay where Ay =/ ==L
R log Ay 1 where A; Ik

then, for E small, and independently of p,

log 2 1

log Ay a log Ay

and so p2 < R and therefore for p < R, we must have

(4.33) < 47)\%62" < 47)\%62}% e fy -
(plogp)? (Rlog R)? n

Since T = A loglog p, we obtain for small F,

0(19) — 0(11) < 3(12 — 71) < 37 = 3A1 loglog p < 31 loglog R < C\jloglog E~1,

and in particular if we take

RlogR = 2A1(1 —+

log(log Al)) 2 Al,

and for 4, as in (4.33),
Np(M®) < CAloglog B~ "Nox g (1, ) < CArlog(log E~1) (g )™
It follows that )
log(3y Ng(H) < 3 logo) B+ O(1),

and this gives the upper bound in (1.14).
To obtain the lower bound we find p; and ps such that

p*(log p)* =
A2 2

and this can be achieved if we take p; and po such that

_ 1
pe 2P+E) < Z for pE [pl’pQ],

E 1 e
F(pg log p2)2 < 3’ p1 = py", with M large to be chosen independently of 1, E.
1
For instance, for F small enough, take
1 N2
= h =4/ L
p2 logﬁlﬁl’ where [ Yo

But we also want ﬁpQ(log p)2e 2 < é and so we need p to satisfy
1

21
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<
16(p1 log p1)?
Since 7 = Aq loglog p, we can choose M, independent of F and pu, so that

1 A log p2 A
0 -0 > — (1o — lo = —log (M 1.
(r2) = 0(m) 2 (=) 2 o (12522) = S bog () >

This implies that for p,, as above
NE(M.) > NﬁX,ho (:uLl) 2 C(MLI )n’

and we conclude that

log(z) Ne(M*) > logp) E~' 4+ O(1),

which implies (1.14).
Next, we consider the case N = 2 and

1, 1 _ _ ) ) .
Vo(p) = 5p~% + 7o (log p) ™ + c2p ™ (log p) *(log(z) p) 7,

€

Vi(p) = p~*(log p) *(log(a) p) " *(log p) %,
This time we set 7 = log3) p and we obtain, with
<_(d)2 —(c2 — }) + 82(/)(17))) v =0, where
dn 4
€(p) = p*(log p)*(loglog p)*(R(p) + P(p)),
v(no) = 0.
As before, if ¢ < %, v has no zeros for p > pg, and so M*® has no negative eigenvalues. If co > %,

set Ay = (c2 — 1)% and set 7 = 27, and we obtain

1
d 1
—(—)" -1 & =0
(- + Jgealr w)e=0.
v(19) =0,
We pick pg large such that
1 1
pvld ?(log p)*(loglog p)*R(p )‘ 3 P 2P0,
and for Go = (p?(log p)?(loglog p)?)~1, we consider the set
1 1 _ FE n _9
{r>po (B+ue™) <2} C{p2poi 5o~ <UN{p2po: gyge—~e ¥ <2}
A392(p) A3G2(p) 2X352(p)
and since f(p) = o (p) p%(log p)%(log log p)? satisfies the hypothesis of Lemma 4.3, we find that

1 1
> 00t ———(FE + —pe 2°) <2} =
{p = Po )\%92@)( + 2/“9 ) = } [p17p2]7
and so we must have
E 22
< 2 and so p(log p)(loglog p) < 2y = A,.

A392(p2)
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D __ 2A
If we take R = m, then

R(log R)(loglog R) = 2A45(1 + 0(1)), as E — 0,
and p2 < R, and so for p < po we must have

i< AN3G2(p)e < AN3Ga(R)e*R X

Ug*
It follows from (4.10) that
Np(M®) < C(log(s) R) (k)"
which implies that
log(y) Np(M®) <logz E~' +O(1) as E — 0,

which is the upper bound of (1.16) when N = 2.
Again, to obtain the lower bound we find p; and py such that

1 1 3
e (B4 zpe ) < 2 for p € [p1, pal,

and we pick po such that

f (p2(log p2)(loglog p2))* <

and for instance we can just take

Oo\}—t

1 A2
P2 = Tlog Bo)(loglog fa) 2 "1™ P2 =\ 5

We then and pick p; such that log p; = (log pg)ﬁ, with M to be chosen, and we need to restrict
the values of u so that

)\% 2p1
p< 7 G2(p)e™ = pr,.
Since 7 = Ao log(3) p, we can choose M, independent of u and F, such that

1 Chzy . (logllogpa) o O
- >y > @22 log M > 1.
O(12) — 0(11) ir (19 — 71) e 0g (log(log p1) 47 084~

This implies that for pr, as above
NE(M®) > Nox ny(kr2) > Cpr,)"

This implies that
1Og(4) NE(M.) > IOg(g) E_l + O(l),

which is the lower bound (1.16) for the case N = 2.
The proof in the general case in (1.15) follows the same principle. In this case,

N

72t Z )+ xS (o),

=1

Vi(p) = 9N(p)(10gp) i
where G;(p) is defined in (1.15). We pick pg such that
(4.34) log(;y p > 1 for p > po, provided j < N.

1
Vo(p) = Z
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This time we set 7 = log (1) p and we obtain

d 1 _
(<G (e = P+ Exo) ) v =0, Ex(p) = (S (9) *(Rlp) + 7(p).
v(mo) = 0.
If ey < %, then v has no zeros for n > ng if 7 is large and so M*® has no negative eigenvalues. If

cN > %, set Ay = (eny — i)% and set 7 = Ay7, and we obtain

d 1
(—()2 g 8N<p<f>>) =0, 7= Ayloggyen

dr /\?V
'U(po) =0,
Again, we then follow the steps in the proof of the previous cases and pick pg such that
_ 1
Sn(p) *R(p)| < 5,

and so the zeros of v will be contained in the set consider the set

1 1
{P 2P0 W(E+ §M€_2p) < 2} -

. E . H o2
TR MG crrr e

and since m satisfies the hypothesis of Lemma 4.3, we find that

1 1 _
{p=po: W(E+ FHe ) < 2} = [p1, pal,
and we pick p2 such that
1
E=2
M (Sn(p))?
we have
1 20%
N p(log p)(loglog p) ... (log(w) p) < \/ =~ P € [po, p2l.

and as before, if we pick

B — 24N A — [ 273
N log Ay(loglog Ay ) ... log(ny AN’ N E’

1
—  — Ryn(logRy)...logx) Ry > An,
G (Bn) n(log Ry)...logn) Ry = AN

then

and therefore,
p2 < Ry.
We must also have p such that

1< 4% (Gn(p))%e® = 4Gn (Ry) ey &

But on the other hand,

Un*®

3 3
9(7‘2) — 9(7’1) S %7’2 S %)\N log(N_H) RN,
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and therefore
Np(M®) < C(log(n41) Bn) 1y, )",
and this implies that

1
log Np(M*) = Ry (2 + = (log Sn(Rn) + log(Clog(n 1) RN)>> ,

Ry
and so
log(2) Ne(M) =log Rn(1+ O(1)) as E — 0
But
log Ry = (log E_l)(% +0(1)) as E — 0,
and so

log(ay Np(M) = (log E=1)(C' + O(1)) as E — 0,
and this implies that for any j > 2,
log(j41) Ne(M) < (log(;) E1) + O(1).

The case j = N + 1 gives (1.16).
To establish the lower bound in (1.16) we need to find p1, p2 such that

1 1 3
— E) < - f € |p1, p2|.
We pick ps such that
E 1
N2C (o) <%
>‘29N(102) 8
and we can just take
BN A
= , where By = \/ ==,
P2 = (log Bx)(log log Bx) - - (log(n) BN) N 8E

and we pick p; such that

1

log(ny_1)p1 = (log(N_l) pg) M with M large enough, to be chosen independently of u, F,
and only consider the values of p such that
My 2
TS TgN(Pl)e =,

Since p = An log(n41) p; we can choose M, independent of E and p, large enough such that
AN AN log() p2 AN
0(p2) — 6(p1) = E(log(NH) p2 —log(ny1) p1) = Ar log (bg(]\/)m = ar log(M) > 1
In view of (4.10) and (4.22), this implies that
Np(M*) = C(u,, )"

Then we have
log Ng(M®) > 2np1 +1og(CSn(p1)) = p1(2n + O(1)),
and so

logg) Ne(M*®) =log p1 + O(1),
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and we deduce that

. 1
logn 1 Ne(M®) = log(yy p1 + O(1) = i log(yy p2 + O(1),
and so

logy o Ne(H) = log(yi1) p2 + O(1).
But on the other hand

log p2 = (log B~1)(5 + O(1)),
and so
logjy p2 = logy E~1 +0O(1), j>2,
This implies the lower bound in (1.16) and ends the proof of item T.3 of Proposition 4.1, and
together with equations (3.12), (3.6) and (1.18) it also ends the proof of Theorem 1.4.
APPENDIX A. THE SPECTRUM OF M

Recall that M® is the operator defined in (4.2) with boundary conditions ¢ = D, N. We will
show that M®, e = D, NV has no eigenvalues £ > 0. If it did, then each M} defined in (4.8) would
have the same eigenvalue. So we just need to show that J\/[J' has no eigenvalues in [0, 00). Recall
that Vy(p) satisfies the assumptions of either one of the Theorems 1.1, 1.2 or 1.4. We prove the
following

Proposition A.1. The operators M3, j € N, @« = D, N, j € N, defined in (4.5) have no eigenvalues
in [0, 00).

Proof. If E'is an eigenvalue of M3, then there exists ¢ € L?((po, 00)) such that
(A1) W' = (“E+Vole™) = ctVi(e ™) + e V(p) )

Now we appeal to Theorems 2.1 and 2.4 from Section 6.2 of [20], which we state in a single
theorem:

Theorem A.2. In a given finite or infinite interval (a1, az), let f(x) be a positive, twice continu-
ously differentiable function, g(p) a continuous real or complex function, and

F(p) = [l = g Pldp.
Then in this interval the differential equations
(A.2a) u"(p) = (f(p) + g(p))ulp), and

(A.2b) w”(p) = (=£(p) + g(p))w(p),
have twice continuously differentiable solutions which in the case (A.2a) are given by

wi(p) = f 4 (p)el 7500 (1 4 21(p)),
us(w) = [ (p)e= I IPA0(1 1 9(p)),
and in the case (A.2b) are given by

wi(p) = 4 p)e 120 (1 421 (p)),
wy(w) = £ (p)e I (14 25(p)),

(A.3)

(A.4)
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such that the error terms €5(p), j = 1,2 satisfy

|€1<p)‘ S e%valyP(F) — 1 and ‘82(p)’ S e%vp,a2(F) . 17
(A.5) )

3 @) < B L and Sy (w)] < AT ) 1,

provided Vo, ,(F) < 0o. Here Vq, ,(F) denotes the total variation of F on the interval (a1, p).

We first show that one cannot have an eigenvalue £ > 0. We will consider the case of Theorem
1.1, Vo(e™”) = cp~?*% and Vi(p) = p~ 2 9(logp)~¢, the other cases are very similar. We apply
Theorem A.2 with

—f(p) =—E —cp > + c1p7*"(log p) ¢ and g(p) = e *V(p)

Then on the interval [p1,00), with p; large,

wi(p) = f71VIO (14 21(p)), walp) = B-1e VIO (14 e5(p)).

But
(F73)'f 75 = =58 =8)2=6)E 2p (L +0(1) and |g(p)| < Ce™”,

and so

p p
Voo F)(p) = | |F'(5)lds < / (Mye™*+ME™ 25740 ds < Cy(e P e ™) +CoE ™2 (py *F04p740)
p1 P1
and so ) ,
e1(p) < e3Ve1p(F)(P) _ 1 <C((e ™ +e )+ E—g(pl—3+5 + p_3+5)), §>0,
and hence for p; large, 1 +e1(p) ~ c1 4+ cop 219 and therefore wy & L?([p1,00). A similar analysis
works to estimate €. Since there are constants C; and Cy such that ¢(E, p) = Crwi(p) + Cawa(p),
it follows that ¢ & L?([p1,0)) and so v cannot be an eigenfunction.
When F =0, and § > 0, we apply the same argument with —f = —cp~

(F75) i =ep '
and so we find that for p; large, 1 +¢;(p) ~ c1 + cop~? and so there are no eigenfunctions with
E>0.

The last case does not quite apply when § = 0 and we use an argument as in the proof of
Hardy’s inequality in [6]. We will prove the following

249 and we obtain

Lemma A.3. Suppose u € L*([py,0)), h(p) is continuous and h(p) = o(1) as p — oo and

u"(p) = p”(—% +h(p))u in (po, ), ¢ >0,

then u(p) =0 on [pg, 00).

Proof. Since u € L?([pg, o)), by using the equation and the Cauchy-Schwarz inequality, we find
that |u/(p)| < Cp~2 and hence lu(p)] < Cp~2, and the equation gives [u”(p)| < Cp~ 2. Therefore,
if « € (1,2), )\:%(a—l) > 0 and p; > p,

/ p* (' (p))?dp =/ P (p M (p ) = Ap ™ u)dp >
P1 P1

2 [ [ (w2 do

p1 p1
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and since \ < %, we deduce that for a € (1,2),

a—1)2 [ >
(41)/ paQ(U(p))deﬁ/ P (' (p))?dp.

P1 P1

We apply the same argument to the second derivative, and use that |u/(p)| < Cp_%, then for
a € (1,4),

a—1 2 00 o 00 N
S [T e [ o) e
pP1 P1
We combine these two estimates and we obtain, for o € (3,4),
a—1 2 a—3 2 o) o e’} N
R OZI T et unPip < [ o o),
P1 P1
But the equation implies that
a—1 2 a—3 2 & a— > 1 a—
I T bt < [ )P o) dp
4 4 o PR
Pick p; large and a = 4 — ¢ with € small and this implies that u(p) = 0 on [p1,00). Then v = 0 on
(po, 00) by uniqueness. O
O

APPENDIX B. THE PROOF OF PROPOSITION 4.2

We follow the arguments used in the proof of Theorem XIII.8 of [24]. We have already established
that oess(M3) = [0,00), « = D, N and that there are no eigenvalues in the essential spectrum.
Then one needs to prove three lemmas:

Lemma B.1. Let V(p) € C>*°(I), I C R open and let E € R. Let u(p, E), not identically zero,
satisfy

If ag = ao(Ep) € I is such that u(ag, Ey) = 0. Then there exists 6 > 0 and a C™ function a(E)
defined for |E — Ey| < § such that a(Ey) = ag and u(a(E), E) = 0.

Proof. We know from the existence and uniqueness and stability theorems for odes that u(p, F)
is a C* function and since u(p, E) is not identically zero, if u(ag, Ep) = 0, then d,u(ag, Eo) # 0.
The implicit function theorem then guarantees that there exists a C°° function a(E) defined on
an interval |E — Ey| < § such that a(Ep) = ap and u(a(E), E) = 0. O

Lemma B.2. As above, let @« = D, N. Let M; be the operators defined in (4.8). Let Vy and Vi
satisfy the hypotheses of either Theorem 1.1, 1.2 or 1.4. The following statements about Z;(E)
are true:

If —E <0, then Z3(E) < cc.

If Z3(Eo) = m, there exists 6 > 0 so that Z3(E) > m for |E — Ep| < 0.

—Ey < —FE, then Z3(E) > Z3(Ey).

If —Ey is an eigenvalue of M3, and —Ey < —E, then Z3(E) > Z3(Ey) + 1.

If k> j and py > py, then Z3(E) > Z3(E).

If k> j, —E is an eigenvalue and py > pj, then Z3(E) > Zp(E) + 1.

S Grds Lo o~
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Proof. We have already shown that item 1 is true. Lemma B.1 says that if p; < p2 < ... < pm—1 <
pm € (po,oc) are such that u$(p;, Eo) = 0, then there exist § > 0 and C*° functions r;(E) defined
in |E — Ep| < ¢ such that r;(Eo) = p; and that u3(r;(E), E) = 0, and therefore Z3(E) > m.

To prove item 3, we first consider the Dirichlet problem. This is the standard form of Sturm
oscillation theorem. Let pg < p1 <... < pp be the zeros of u; D(p, Ey). We claim that u; D(p, E) has

a zero in each of the intervals (p;, ij) To see that suppose that u; D(p,E) does not have a zero
in this interval. By possibly multiplying the functions by —1, we may assume that w; D(p,E) >0

and u; D(p,Ey) > 0 in (pj, pj+1)- In this case the wj(pj, Eo) > 0 and uj(pjt1, Eo) < 0 Therefore
the 1ntegral

1= [ 1Py (0 Bl . ) — P o ) (0. B)] =

() (pm+15 Bo)uy (pm1, B) = (u3) (pms Bo)uy (pms E) < 0.
But on the other hand,

1= [ [P o B (0, ) — (o, E) P (5. )] dp =

Pm+1
(Ea-B) [ P . B . B) dp > 0.

If Ey is an eigenvalue, we claim that u; D(p, E) also has a zero in (p,, o0). To see that we apply the
same idea, but now one needs to Justlfy the convergence of the integral from p, to co. We appeal
again to Theorem A.2. If we take f = Fy, and f = E, the solutions of (4.8), for p large are of the
form

uf (p, Bo) = (Bo)"4(Cre "V (1 +e1(p)) + Coe™ (1 4 3(p)),
uf (0. B) = (B)"% (Cre P (1t ex(p) + Coe? (14 22(p).
But since Ej is an eigenvalue, u; D(p, Eo) € L*((po,o0)) and Cy = 0. Since Ey > E, then integrals

will involving terms of the type ep(‘r VE0) (1) which will converge if Ey > E.
As for the Neumann problem, the same argument applies with the exception of the interval
(po, p1). In this case, we know from the assumptions made in (4.8) that

(uN) (po, Eo) = (u)) (po, E) = 0, ul (po, Eo) = u} (po, E) = 1,

and we also know that u; N(p1, Eg) = 0. In this case we would have u;j N(p,E) > 0 and uj N(p, Eg) >0
n (po, p1), and so we Would have

(u) (p1, Eo) < 0 and u} (p1, E) >0

and therefore, the integral

1 = [ [ 0 B (0, ) = ) (0, E0) Y (0. )] dp = (Y (o1, B (91, ) <0
PO

But as above,
p1
1Y = (B - B) [ u (o, B (. ) dp > 0.
PO
The same argument can be used to show that Z3(E) > Zp(E), provided j > k and pg > p;. In
this case, we suppose that p; < p2... < p, are the zeros of ukD(p, E), and we want to show that



30 ANTONIO SA BARRETO AND YIRAN WANG

uj(p, D) has a zero in (pm, pm+1). We assume there are no zeros of u;(p, E) in (pm, pm+1) and we
may assume that u?(p, E) > 0 and ujD(p, E) >0 on pm, pm+1 and

(ukD)/(pmvE) > 0’ (ukD),(pm+17E) < 07 and ujD(pm7E) > OvujD(pm-i-lvE) > 0.

Then the integral
D it Dy D D Dy /
17 = [(w) (0, E)uy (p, E) — i (p, B)(uy) (p, E)] dp =

(ug)) (pms1, E)uf (o1, E) — (u) (pm: E)uf (o, E) < 0.
But on the other hand

Pm+1
P = / (ke — 1) *Pup (p, E)ul (p, E) dp > 0.

The same argument works for the Neumann problem and to prove item 6. ([l

Lemma B.3. Let —)\®

Tk k=1,2,..., denote the eigenvalues of Jv[;, e =D, N. The following are
true

1. The eigenvalues have multiplicity one.
II. If E>0, m €N and Z;(E) > m, then —\j,m < —FE. In particular

Np(M3) > Z3(E).
IL Z3(\8,) =k — 1.

Proof. The eigenvalues are simple by the uniqueness theorem for ordinary differential equations.
By dividing an eigenfunction 1®(p) by a constant, one may assume it will satisfy 1/”(pg) = 0 and
(¥P)(po) =1 or (V) (po) = 0 and ¥ (pg) = 1, and one cannot have two different solutions with
the same Cauchy data.

We will show that there exist at least m eigenvalues A7, which are less than —FE. Let u} (p, E)
be the solution of (4.8) and let p1 < p2 < ... < ppr, M > m, and py < p1, denote its zeros (not
equal to pg in case e = D) and let

i) = {

Obviously, (¢7,9p) = 0, if i # k. Let U be the M-dimensional subspace spanned by p. If
P* = >0 axiy, one can check that

MVG%,9°%) = —E@*, 9%,

it follows from the min-max principle, see Theorem XIII.2 of [24], that —)\; v < —F and in
particular /\;-7m < —FE. But it follows from item 2 of Lemma B.2 that if ¢ > 0 is small enough,
Z3(E +¢€) > m, but then we have shown that in fact —\,,(M$) < —F —e < —FE. This proves item
II.

It is true that Z7 (A3 ;) > 0. Suppose that Z7 (A3, ;) = k—2. But it follows from item 5 of Lemma
B.2 that Z7(AS,) = Z7(A};_1) +1 > k — 1. On the other hand, notice that if Z7(A3,) > k — 1,
then by item II, —A; ), < —A;k. So we must have Z7(—A3 ;) < k — 1. This proves item IIL

u(p, B), if pr. < p < pry1, k=0,1,...,M —1
0 otherwise

0
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Now we can prove (4.9). We know from item II of Lemma B.3 that Ng(M3) > Z3(E). Since
(F) < 0 if —F < 0, suppose that NE(J\/[;) > Z;(E) = m, then by definition this implies that
* < —F, but then item 4 of Lemma B.2 and item III of Lemma B.3 imply that

—Nym+l

Z3E) > Z3(Nmir) + 1= m+ 1.

This proves (4.9).
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