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Non-local/fractional problems

Fractional derivatives are interesting alternative tools for modelling.
In particular, fractional space-derivatives

• have been used to model anomalous diffusion (e.g. porous
media),

• and, attract interests from the mathematical community.1234

Focus of this talk: Parallel solver for the Fractional Laplacian.

1Bonito, Borthagaray, Nochetto, Otárola, and Salgado 2018.
2Čiegis, Starikovičius, Margenov, and Kriauzienė 2017.
3Duo, Wang, and Zhang 2019.
4Lischke, Pang, Gulian, Song, Glusa, Zheng, Mao, Cai, Meerschaert, Ainsworth, and
Karniadakis 2020.
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What is the Fractional Laplacian?

• In Rd, for 0 < s < 1, a definition is

(−∆)su(x) = C(d, s) p. v.
∫
Rd

u(x)− u(y)
|x− y|d+2s

dy

but several other equivalent definitions exist5.

• On a bounded domain Ω, several definitions exist, we use:
the Dirichlet Fractional Laplacian{

(−∆)su(x) = f (x), for x ∈ Ω

u(x) = 0, for x ∈ Rd \ Ω

5Kwaśnicki 2017.
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Difficulties with the Fractional Laplacian

Weak formulation: Find u ∈ H̃s(Ω) such that

a(u, v) := C(d, S)
2

∫∫
Ω×Ω

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dxdy

+
C(d, S)
2s

∫
Ω

∫
∂Ω

u(x)v(x)n · (x− y)
|x− y|d+2s

, ∀v ∈ H̃s(Ω)

Difficulties with finite element approximation

• Entry computation
• Dense linear system
• Conditioning of linear system

4/23



Difficulties with the Fractional Laplacian

Weak formulation: Find u ∈ H̃s(Ω) such that

a(u, v) := C(d, S)
2

∫∫
Ω×Ω

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dxdy

+
C(d, S)
2s

∫
Ω

∫
∂Ω

u(x)v(x)n · (x− y)
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Difficulties with finite element approximation

• Entry computation → Sauter and Schwab quadratures
• Dense linear system → Compression usingH/H2-matrices
• Conditioning of linear system → condition number ∼ O(h−2s)

→ techniques developed for Boundary integral equations!67

6Acosta and Borthagaray 2017.
7Ainsworth and Glusa 2018.
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DDM Preconditioner for non-local problems

Domain decomposition methods (DDM), and in particular, Schwarz
methods, define preconditioners,

• adapted to parallel computations,
• with some theoretical guarantees.

But they usually require a second level/coarse space.
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DDM Preconditioner for non-local problems

Domain decomposition methods (DDM), and in particular, Schwarz
methods, define preconditioners,

• adapted to parallel computations,
• with some theoretical guarantees.

For Boundary integral equations

• Coarse space based on coarse meshes8

• Adaptive coarse spaces with GenEO910

→ Goal: Adapt the GenEO coarse space to the Fractional Laplacian.

8Hebeker 1990; Stephan and Tran 2021.
9Spillane, Dolean, Hauret, Nataf, Pechstein, and Scheichl 2014.
10Marchand, Claeys, Jolivet, Nataf, and Tournier 2020.
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Implementation

• PyNucleus11: (developed by C. Glusa)
• discretization for the fractional Laplacian
• H2 compression

• Htool-DDM12: (developed P.M. and P.H. Tournier)
• distributed parallelized operator
• DDM preconditioners
• H-matrices

• HPDDM13: (developed P. Jolivet)
• DDM solvers
• iterative methods

5https://sandialabs.github.io/PyNucleus/
6https://htool-documentation.readthedocs.io/en/latest/
7https://github.com/hpddm/hpddm
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Dirichlet integral Fractional
Laplacian



Function spaces

Geometry

• Ω ⊂ Rd for d = 2 or d = 3, Lipschitz domain

Fractional Sobolev spaces: For Ω bounded and Λ ⊆ Rd and
0 < s < 1:

• Hs(Λ) := {u ∈ L2(Λ) | |u|Hs(Λ) < ∞} where |u|Hs(Λ) := (u,u)1/2Hs(Λ)
and

(u, v)Hs(Λ) :=
C(d, s)
2

∫∫
Λ×Λ

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dxdy

• H̃s(Ω) := {u ∈ Hs(Rd) | supp(u) ⊂ Ω} equipped with the norm

‖ϕ‖2H̃s(Ω)
:= (ϕ,ϕ)Hs(Rd).
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Weak formulation

For u, v ∈ H̃s(Ω), we have

〈(−∆)su, v〉 = C(d, s)
∫∫

Rd×Rd

(u(x)− u(y))v(x)
|x− y|d+2s

dxdy

=
C(d, s)
2

∫∫
Rd×Rd

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dxdy

= (u, v)Hs(Rd), ∀u, v ∈ H̃s(Ω)

Variational formulation: Find u ∈ H̃s(Ω) such that

(u, v)Hs(Rd) = 〈f , v〉, ∀v ∈ H̃s(Ω).

Finite element discretization: Find uh ∈ Vh ⊂ H̃s(Ω) such that

(uh, vh)Hs(Rd) = 〈f , vh〉, ∀vh ∈ Vh,

where Vh can be the usual P1 Lagrange finite elements.

Remark

(uh, vh)Hs(Rd) = (uh, vh)Hs(Ω) + dxdy
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Domain decomposition



Example of decomposition

Ω̃1Ω1 ⊂ Ω̃1
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Notations

Subdomains

• dofh,p ⊂ {1, . . . ,N}
• Vh,p := Span(ϕj|Ω̃p

| j ∈ dofh,p) ⊂ H̃s(Ω̃p),

• Ωp := Ω̃p \ ∪j/∈dofh,p supp(ϕj) ⊂ Ω̃p

Decomposition

• Extension by zero: RTp ∈ RN×Np ,
• Restriction matrices: Rp
• Partition of unity: diagonal matrices Dp ∈ RNp×Np s.t.

n∑
p=1

RTpDpRp = Id.
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Additive Schwarz preconditioner

Additive Schwarz Preconditioner

PASM = RT0(R0AhRT0)−1R0 +
n∑
p=1

RTp(RpAhRTp)−1Rp

• Z = RT0 ∈ RN×N0 , an interpolation operator from the coarse space
to the finite element space

• The coarse space Vh,0 is spanned by the columns of Z
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Additive Schwarz Preconditioner and Fictitious Space Lemma

Hypotheses of the Fictitious Space lemma14

(H1) ‖
∑n

p=0 RTpu
p
h‖

2
Ah ≤ cR

∑n
p=0‖RTpu

p
h‖

2
Ah ∀(uph)

n
p=0 ∈

∏n
p=0RNp ,

(H2) For uh ∈ Vh, how can we define (uph)
n
p=0 ∈

∏n
p=0RNp s.t.

uh =
∑n

p=0 RTpu
p
h and

cT
n∑

p=0
‖RTpu

p
h‖

2
Ah ≤ ‖uh‖2Ah ,

Result

cond2(PASMAh) ≤
cR
cT

.

14Nepomnyaschikh 1992.
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Coarse space: GenEO approach

Pragmatic approach: For uh =
∑n

p=0 RTpu
p
h and some Bp,

n∑
p=0

‖RTpu
p
h‖

2
Ah ≤ 2‖uh‖2Ah + (1+ 5Nc)

n∑
p=1

‖RTpu
p
h‖

2
Ah

n∑
p=1

(BpRpuh,Rpuh)
?
≤ ‖uh‖2H̃s(Ω)

= ‖uh‖2Ah

GenEO coarse space: A sufficient condition is, for some τ ,

(AhRTpu
p
h,R

T
pu

p
h) ≤ τ(BpRpuh,Rpuh). (1)

We introduce the following eigenvalue problem: find (λpk , v
p
k) s.t.

DpRpAhRTpDpv
p
k = λpkBpv

p
k ,

to remove the part of Rpuh that does not satisfy (1) to define uph.
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Localization inequalities

Continuous injection: Bp, mass matrix on Ωp

n∑
p=1

‖uh|Ωp‖2L2(Ωp)
. ‖uh‖2L2(Ω) . ‖uh‖2H̃s(Ω)

,

Inverse inequality: Bp, rigidity matrix on Ωp

n∑
p=1

h1−s‖∇u|Ωp‖2L2(Ωp)
. h1−s‖∇uh‖2L2(Ω) . ‖uh‖2H̃s(Ω)

.

Hs-localization:
n∑
p=1

(uh|Ωp ,uh|Ωp)Hs(Ω) ≤ k1‖uh‖2H̃s(Ω)
.

→ cond(PASMAh) ≤ 5Nc (2+ k1τ(1+ 5Nc))
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(Preliminary) Numerical
experiments



Test case

• Fractional Poisson problem in a disk with f = 1.
• Error between interpolated analytical solution and numerical
solution ≤ 5%

• Computations on IDCS mesocentre.
• Implementation: PyNucleus’ H2-matrices and Htool’s H-matrices.

MPI 1

MPI 2

MPI 3

H2

H2

H2

H

H

H

+ ∗RT
0 (R0ART

0 )
−1R0

∑n
p=1 R

T
p (RpART

p )
−1Rp A

Dense

Two experiments

1. Local eigenproblems with 64 100 P1 elements and p = 72.
2. Strong scaling with 258 171 P1 elements.
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Local eigenproblems: Rigidity matrix for s = 0.7

0 1 2 3 4

0

0.5

1

1.5

Number of the subdomain p

|λ
p k|

Eigenvalues
First vector for p = 0.

Second vector for p = 0. First vector for p = 4. 17/23



Local eigenproblems: Hs localization for s = 0.7
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Local eigenproblems: Hs localization for s = 0.9
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Local eigenproblems: Mass matrix for s = 0.7

0 1 2 3 4
−2

−1

0

1

2

3
·10−11

Number of the subdomain p

|λ
p k|

Eigenvalues
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Strong scaling with Hs-localization
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Strong scaling in 2D for 258 171 P1 Lagrange elements and τ = 10.
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Conclusion



Summary

What is done:

• We extended GenEO to the Dirichlet integral Fractional Laplacian.
• We checked numerically the relevance of the coarse space.

What remains: Performance

• HCA compression for preconditioner, better handling of the overlap
and H-LU factorization, …

• Try different local eigensolvers (ARPACK, LOBPCG,…).

What could be explored: Non-local GenEO for

• Negative order fractional problem (s < 0).
• Interpolation problems (RBF interpolation)
• Non-hermitian problem (acoustic with boundary integral operators)

Thank you for your attention!
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Appendix



Context

Algebraic system
Ahuh = f, with uh ∈ Rd

Ah a dense matrix usually compressed

Solvers

• Direct methods:
+ Factorisation can be stored for multi-rhs
− Expensive for dense matrices (complexity in O(N3))
+ Possibility to use H− LU decomposition

• Iterative methods:
+ Less intrusive
+ Only matrix-vector products (O(N2) or quasi linear complexity with

compression)
− But ill-conditioned, especially when the mesh is refined

=⇒ preconditioning techniques: PAhuh = Pf
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Splitting norms

Lemma

For (up)1≤p≤n ∈
∏n

p=1 H̃s(Ω̃p), we have the following inequality:∥∥∥∥∥∥
n∑
p=1

EΩ̃p
(up)

∥∥∥∥∥∥
2

H̃s(Ω)

≤ 5
2
Nc

n∑
p=1

‖up‖2H̃s(Ω̃p)
,

where Nc is the number of colors.

Proof:

1. Similar result without overlap (minor adaptation from Sauter
and Schwab (2011, Lemma 4.1.49 (b))).

2. Colouring argument.
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