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Navier—Stokes Control Problems
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PDE-Constrained Optimization Problems

A general PDE-Constrained Optimization Problem can be formulated as
1
min 5 v — Vd||L2(Q) +5 ”U||L2(Q)

subject to
Dv=u + BCs

where D is a differential operator [Hinze, Pinnau, Ulbrich, and Ulbrich,
2010].
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PDE-Constrained Optimization Problems

A general PDE-Constrained Optimization Problem can be formulated as
.1 2 B2
min > lIv = vallizg) + 5 llulliz(q)

subject to
Dv=u + BCs

where D is a differential operator [Hinze, Pinnau, Ulbrich, and Ulbrich,
2010].
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Navier—Stokes Control Problem

Given Q C RY, d = 2,3, v >0, and 8 > 0, we consider the following
stationary Navier—Stokes Control Problem

. P S B =2
m‘zll? F(v,0) = r‘r;ll? 5 IV = Valliz(q) + > 171220
subject to
V24 V- VV+Vp=d+f inQ,
-V-v=0 in Q,
v(x) = g(x) on 09Q.
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Optimize-then-Discretize Strategy
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KKT-conditions

In order to obtain the Optimality Conditions, we find the stationary points
of the Lagrangian (using Fréchet derivative)

L(V,p, i, p)= (\7ﬁ)+/(—uv2v+\7.w+vp—ﬁ—f?)-5+w-\7dx.
Q

This leads to the gradient equation S — 5: 0, and

( 22 2. Ug _17. 7 -
—vV v+v~Vv—|—Vp—BC+f in Q, state
-V-v=0 in Q, tiom
v(x) = g(x) on 09, equatio
B vy B vl T =V —V i
TS 8
5()() —0 on 0. equation
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Gauss—Newton lteration

Given v (8 p(k) (k) 1, (k) approximation of ¥, p, C, 1, we consider the
following Gauss—NeWton iterate:

g0t = g 45y pllert) = g0y gplh),
G N O N e S I O

with

v(ver Y vmy s (v vy Y w

1
. :[’:{k)7

v @) st vw) - @0 vt ™, w
oy (0 T
+H((VPU) T, W) — (5u), V- w) = R,
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Numerical Discretization

In the following, we employ inf-sup stable finite element pairs, with:
@ M (resp., M) is the mass matrix on the velocity (resp., pressure)
space; we have that M, M > 0;
K (resp., K) is a FE discretization of —V? on the velocity (resp.,
pressure) space; we have that K > 0, K > 0;
o N is a FE discretization of ¥ (k) . V; we have that N(¥) is
skew-symmetric if V - v (k) = 0:

o H() is the matrix arising from second-order informations on the
convection term v (K) . V:

@ B is the (negative) divergence matrix.

Santolo Leveque (SNS) Preconditioning for NS Control June 11, 2024 9/28



Discretized System

Upon discretizing the previous system of PDEs, one obtains

Sv(k) R
k) YT 5¢) R
[ v —@] opt) | rl(k) ’
DL
where
M DWW B 0 00
(k) _ ad, _ _
U7 o0 im | w‘[o B]’ @_[o o}

Here, we set

DK = yK + NK) 4 H(K) Diﬁ} =K — N 4 (H()T,
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Preconditioning Approach
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Preconditioning for Saddle Point Systems

Given the invertible system

by | ¢ v
[ Y2 b2 i \U2 -0
if we precondition it with an invertible preconditioner of the form:

P =

® 0
v, -S|

where S = © + W, 10y, the eigenvalues of the preconditioned matrix
will be [Ipsen, 2001], [Murphy, Golub, and Wathen, 1999]

MNPA) = {1}.

In practice, we replace ® and S with cheap approximation ®and S.
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Augmented Lagrangian Preconditioner

Given v > 0 and suitable W, we consider the following augmented
Lagrangian preconditioner:

o) Tty wT
Py = 0 -S|’
»

where S, = V(¢ + AV TW-ly)~ 1y T,
We employ as matrix WV the following matrix:

el )

W 0
with W being the pressure mass matrix M or its diagonal.

Rather than solving for the (1, 1)-block and the Schur complement, we
employ suitable cheap approximations of them.
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Approximating (1, 1)-block

As an approximate inverse of the (1, 1)-block
M DY) +1BTW1B

q)(k) \UT 71\” —
VW DK + yBTW-1B ~Im

we employ a fixed number of GMRES iterations with preconditioner
B M 0
Pay = | pw 4 +BTW-1B —§ |

Here, S is the approximation of the inner Schur complement obtained with
the “matching strategy” [Pearson and Wathen, 2012], given by

S:=(DW +yBTWB+ AM DY +7BTWIB + M),
— 1
where \ = \/BM'
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Approximating Schur Complement

By employing the Sherman—Morrison—-Woodbury formula, one can write
that

-1
S;t= [w(cb(k))—luﬁ] +aw L
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Approximating Schur Complement

By employing the Sherman—Morrison—-Woodbury formula, one can write
that )
-1 _ =1y T| -1
St [w(cb( Ly ] +aw L

In order to have a robust preconditioner with respect to 3, we consider the
following approximation of 57_1:

571_ K—l ’}/W_l
Yy ,.wal _%Kfl
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Summarizing AL Preconditioner

| Krylov solver: FGMRES |

Solve for Aﬁ,k) with preconditioner P,

Applying 57_1

Approximate mass matrix inverse
on the pressure space

Approximate stiffness matrix inverse
on the pressure space

—' Krylov solver: FGMRES

L Applying 75(_1’11)

Chebyshev semi-iteration for mass
matrix on the velocity space

Applying 51

1 F-Cycle of AL multigrid |
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Numerical Results
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Test 1 (Exact Solution)

We solve the stationary Navier-Stokes control problem in Q = [-1, 1]
with the following exact solution:

L. 1 >
V=Vy= [Xyaa Z(X4 - y4)]T7 < = [O,O]T,

for different values of v and 3. For a given 3, we set v = 103705,
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Test 1 (Exact Solution)

Table: Degrees of freedom (DoF) and average GMRES iterations of the
augmented Lagrangian preconditioner with v = 10375, for v = 115, =%, and

ﬁ, and a range of /, B.
V=15 V=55 Y = 1o
B B B

I DoF 10210 [10° [10°[10*[10° [[10° 10" [10°
1 484 5 5 5 5 5 5 5 5 5
2 || 1796 4 4 4 3 4 4 3 4 4
3| 6916 4 5 4 5 4 5 4 4 4
4 || 27,140 4 5 5 7 6 5 7 6 5
5 107524 | 5 5 5 7 7 7 10 9 7
6 || 428036 | 5 5 5 8 9 10 21 10 7
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Test 1 (Exact Solution)

Table: Number of Gauss—Newton iterations required for stationary Navier—Stokes
control problem. In each cell are the Gauss—Newton iterations for the given /, v,
and =107/, j = 3,4,5.

v | v=s [ v~ ww

Wl Wl WwWlw|IN|N
WIWINININN
WINWIW|IN|N

WIWIWININ|N
NINININININ

DO W|IN|-
Wlwlwlwlw|N
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We solve the stationary Navier-Stokes control problem in Q = [~1, 1]
with

F: [O’O]Ta ‘7d = [an]Tv

for different values of v and 3. For a given 3, we set v = 105795,
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Table: Degrees of freedom (DoF) and average GMRES iterations of the
augmented Lagrangian preconditioner with v = 10375, for v = 115, =%, and

ﬁ, and a range of /, B.
V=15 V=55 Y = 1o
B B B

I DoF 10210 [10° [10°[10*[10° [[10° 10" [10°
1 484 6 13 9 9 5 7 9 5 7
2 || 1796 4 4 4 3 4 3 4 4 4
3| 6916 5 6 5 5 5 4 5 5 4
4 || 27,140 5 6 6 7 6 5 7 6 6
5| 107524 || 7 7 5 7 9 8 10 8 8
6 || 428036 || o9 6 7 13 7 12 14 6 10
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Table: Number of Gauss—Newton iterations required for stationary Navier—Stokes
control problem. In each cell are the Gauss—Newton iterations for the given /, v,
and =107/, j = 3,4,5.

v | v %

N N[N N NN
CEENEN IR CENNEN N
wlinN|[N NN N e
NN NN N
NN RN

WINININININ
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Conclusions

Santolo Leveque (SNS) Preconditioning for NS Control



Conclusions

@ Can efficiently solve Navier-Stokes control problems with inexact
Newton:

@ preconditioner based on potent augmented Lagrangian approach;

@ ongoing work & challenges:

solve more complex PDEs;

solve boundary control problems;

consider different cost functionals;

add algebraic constraints on state/control variables (IPMs).
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Thank you
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